High Codimension Mean Curvature Flow with Surgery by Nguyen, Huy The
ar
X
iv
:2
00
4.
07
16
3v
2 
 [m
ath
.D
G]
  1
7 A
pr
 20
20
HIGH CODIMENSION MEAN CURVATURE FLOW WITH SURGERY
HUY THE NGUYEN
Abstract. We give a proof of the existence of the mean curvature flow with surgery
in high codimension for suitably pinched second fundamental form. As an application
we show that pinched high codimension submanifolds are diffeomorphic to Sn or a finite
connected sum of Sn−1 × S1.
1. Introduction
Let us consider an smooth immersion of a submanifold into Euclidean space F0 :M→
R
n+m where dimM ≥ 2, k ≥ 1. The gradient descent flow of the area is an evolution
of the M0 = F (M) by mean curvature flow which is a one parameter family of smooth
immersions F :M× [0, T )→ Rn+m satisfying the following partial differential equation{
∂
∂t
F (p, t) = ~H(p, t), p ∈M, t ≥ 0,
F (·, 0) = F0,(1.1)
where ~H(p, t) is the mean curvature vector at the point F (p, t) of the submanifold Mt =
Ft(M). In this paper, we will be interested in the case where k ≥ 2, which we refer to as
high codimension. For closed submanifolds of Euclidean space is it well known that singu-
larities will form in finite time where the curvature becomes unbounded as t→ T . Several
weak notions of mean curvature flow have been suggested and studied such as [5],[14],[13],
[24], [1]. We note that many of these weak flows work best in the hypersurface case (k = 1).
Here we will consider a different notion of weak solution of mean curvature flow through
singularities - mean curvature flow with surgery. This surgery was first introduced by
Huisken-Sinestrari [23] in the context of mean curvature flow for two-convex hypersur-
faces which in turn was inspired by the procedure of Hamilton [16] for the Ricci flow with
surgery deforming metrics on a Riemannian manifold. This Ricci flow with surgery has
now been extended to higher dimensions by Brendle [6]). A similar but different Ricci
flow with surgery was instrumental in Perelman’s proof of the Geometrization conjecture
([31]). Compared with alternative weak solutions, the mean curvature flow with surgery
has the advantage of controlling the topology of the underlying submanifold when passing
through singular regions. Furthermore, curvature flows with surgery have been used to
classify two convex hypersurfaces in a number of situations, [7],[9] and [8]. Most of the
work done on mean curvature flow in higher codimension uses assumptions on the image
of the Gauss map. They have either considered graphical submanifolds, [11],[27], [36],[38],
submanifolds with additional symplectic or Lagrangian structure [33], [12],[35],[32], [29] or
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using that convex subsets of the Grassmannian are preserved by the mean curvature flow,
[34],[37],[39].
The idea of surgery is to stop the flow at a time before the singular time T1 < T but
which is still close. We then perform the surgery procedure in these high curvature regions.
In order the perform the surgery, we required detailed geometric and analytic control of
high curvature regions. In particular we need to show the high curvature regions which
are nearly singular are either uniformly spherically pinched or contain neck-like regions
where the region is close to a standard embedding of cylinder Sn−1 × [a, b]. The surgery is
performed on these necks and are removed by surgery. The surgery construction removes
these singular regions and replaces them with more regular regions-in the process the
maximum curvature is reduced by a certain factor and components diffeomorphic to Sn or
S
n−1 × S1 are removed. After this the flow is restarted until a new singular time at which
the procedure is repeated. We can show the mean curvature flow with surgery depends only
on a few parameters that depend on the initial data. Furthermore the mean curvature with
surgery terminates after finitely many steps when all remaining components are recognised
as diffeomorphic to Sn or Sn−1 × S1.
In this paper, the main result is to show for n ≥ 5 with cylindrical pinching, the mean
curvature flow with surgery can be constructed with the properties describe above. In
this paper, we will extend the singularity analysis of [23],[22] to higher codimension. We
note that there are alternative treatments for singularity analysis - see [17],[18] and the
resulting mean curvature flow with surgery was developed independently by [7] and [18].
However, these results require a non-collapsedness hypothesis which is a consequence of
embeddedness which is not preserved by high codimension mean curvature flow.
However, in high codimension, since we have no direct equivalent of positive mean cur-
vature, we need to consider an alternative condition. Note that on a compact hypersurface
if H > 0, there there exists a c > 0 such that |A|2 ≤ c|H|2 and in fact this bound is
preserved by the (co-dimension one) mean curvature flow. In fact such a condition makes
sense for all codimensions. This lead Andrews-Baker [3] to consider the following pinching
condition on the second fundamental form in high codimension
|A|2 − c|H|2 < 0, c < 4
3n
, |H| > 0(1.2)
which was shown to be preserved by the mean curvature flow. For c = min{ 4
3n
, 1
n−1},
remarkably they were able to prove convergence to a round sphere. We note that the
condition |A|− 1
n−1H
2 < 0, H > 0 implies convexity in codimension one. It is an interesting
question to consider if c is optimal. For high dimensions this can be shown to be true,
however for low dimensions the pinching condition does not seem to be strong enough
to control the normal curvature. For example for surfaces, its seems that the curvature
condition should include the normal curvature, see [4].
In this paper, we will study singularity formation in high codimension mean curvature
flow and will consider the following curvature pinching
(1.3) |A|2 − cn|H|2 < 0
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where cn :=
4
3n
. In particular, note that such a solution is said to be quadratically bounded
(we note here that this condition implies thatM satisfies positive isotropic curvature). For
future reference, we will say that for n ≥ 4 if
(1.4) |A|2 − 1
n− 1 |H|
2 ≤ 0
then the second fundamental form is (quadratrically) spherically pinched. And if
(1.5) |A|2 − cn|H|2 ≤ −ε|H|2
for some ε > 0, where
cn := min
{
4
3n
,
1
n− 2
}
, if n ≥ 5.
then the second fundamental form is (quadratically) cylindrically pinched. The goal of this
paper is to prove the following theorem :
Theorem 1.1. Let F0 : M → Rn+m is a smooth immersion of a closed n-dimensional
submanifold with n ≥ 5. Suppose that M0 = F (M) is cylindrically pinched, that is
|A|2 − cn|H|2 < 0 everywhere on M0. Then there exists a mean curvature flow with
surgery starting from M0 which terminates after finitely many steps.
This is the high codimension analogue of the Huisken-Sinestrari (see also Brendle-
Huisken). The proof roughly follows the outline of Husiken-Sinestrari, however with some
key differences. One of the keys to Mean curvature flow with surgery is convexity estimates
of [21] and [22] and the associated cylindrical estimates [23]. However, as noted before,
no such analogue exists for high codimensions. Therefore, we must work differently. In
[30], the author showed that it is possible to derive a pointwise gradient estimate directly
from the quadratic pinching condition and establish a cylindrical estimate (and a form of
the convexity estimates). This gradient estimates allows us to establish a key extension of
this estimate for mean curvature flow with surgery, the Neck Detection Lemma, Theorem
5.5. The neck detection lemma is then used to establish Neck Continuation, Theorem 6.3.
However, in the case of high codimension, there is an additional complication, when we
leave a neck region we are no longer cylindrical - however a result of [28], shows that we
we are still quantitively close to a hypersurface. This allows us to extend the argument of
[23] to high codimension.
The existence of a mean curvature flow with surgery that terminates after finitely may
steps has the following topological consequence.
Corollary 1.2. Any closed n-dimensional cylindrically pinched immersed submanifold F0 :
M→ Rn+m with n ≥ 8 is diffeomorphic to either Sn or a finite connected sum of Sn−1×S1.
We note here the quadratic cylindrical pinching implies other natural curvature condi-
tions. For example for codimension one it implies two-convexity. It also implies positive
isotropic curvature.
We give an outline of the paper. In section 2, we gather together the basic facts about
high codimension submanifolds and mean curvature flow in high codimension. We also
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introduce the parameters that will be used to control the flow. We would like to point
out that because the gradient estimate shows at the singular regions of high curvature, the
singularity is almost codimension one, much of the surgery algorithm in principle follows
the method of [23]. However, since the necks are only approximately codimension one and
the curvature condition is quadratic pinching and not two convexity, subtle modifications
must be made to each step to ensure the algorithm performs mean curvature flow with
surgery.
In section 3, we define and investigate cylindrical necks. In particular, we obtain a quan-
titative description of the neck structure. The notion of a neck was introduced by Hamilton
in the paper [16] in the context of (intrinsic) necks in Riemannian manifolds. This notion
was then extended to immersed hypersurfaces of Euclidean space by [23]. Here we will
need to consider submanifold necks of high codimension. While for high codimension sub-
manifolds the notion of a neck is largely the same, there is the additional subtlety that the
normal bundle also needs to be controlled, that is the cylindrical neck is close to immersion
of a standard cylinder and submanifold nearly lies on in a subspace of codimension one.
In particular, there is a frame of the normal bundle that is nearly flat. Once we have
an appropriate notion of high codimension submanifold neck, we introduce the standard
surgery that replaces a section of the neck close to a cylinder by (a maximum of) two
spherically pinched caps. In section 4, we show the gradient and cylindrical estimates of
[30] for smooth mean curvature flow also hold for mean curvature flow with surgery. The
gradient estimate allows us to compare different points of the submanifold. The cylindrical
estimate shows at points which are not spherical, the submanifold has curvature that is
close to the curvature of a standard cylinder. In fact, this can be improved to show in
regions of high curvature, there is a part of the submanifold that is close to an embedding
of a standard cylinder.
In the final two sections, we adapt the surgery method of Huisken-Sinestrari [23] to high
codimension mean curvature flow. Heuristically, the flow runs until it encounters a singular
time. We show that before a singular time that unless the submanifold is diffeomorphic
to Sn or Sn−1 × S1, we detect neck regions. Such neck detection is the subject of Lemma
5.5. Finally in section 6, we show any neck can be continued until the neck opens up, that
is the curvature at the ends is much smaller than in the middle. Hence this shows the
surgery can be done in a such a way so the curvature is reduced by a fixed multiple. Hence
the curvature is uniformly bounded throughout the flow depending only on the initial
data. Hence the surgery waiting time is bounded below and hence only finitely many such
surgeries can occur and the algorithm terminates after finitely many steps.
Acknowledgements. The research was funded by the EPSRC grant EP/S012907/1.
2. Notation and Preliminary Results
In this section, we gather basic facts on the mean curvature flow in high codimension.
Let F : M× [0, T ) → Rn+m be a solution of the mean curvature flow, (1.1) with closed,
smoothly immersed evolving submanifolds Mt = F (M, t). It is well known that high
codimension mean curvature flow does not preserve embeddedness. We will denote by
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g = {gij} the metric, by dµ the submanifold measure and by A = {hij} the vector valued
mean curvature and W = {hij} the Weingarten map. The mean curvature will be denoted
by H and |A| is the full norm of the second fundamental form.
Lemma 2.1. If Mt evolves by mean curvature flow then we have the following associated
evolution equations
∂
∂t
gij = −2H · hij , ∂
∂t
dµ = −|H|2dµ.
We follow to the notation of [3]. A fundamental ingredient in the derivation of the
evolution equations is Simons’ identity:
(2.1) ∆hij = ∇i∇jH +H · hiphpj − hij · hpqhpq + 2hjq · hiphpq − hiq · hqphpj − hjq · hqphpi.
The timelike Codazzi equation combined with Simons’ identity produces the evolution
equation for the second fundamental form:
(2.2) ∇∂thij = ∆hij + hij · hpqhpq + hiq · hqphpj + hjq · hqphpi − 2hip · hjqhpq.
The evolution equation for the mean curvature vector is found by taking the trace with
gij:
(2.3) ∇∂tH = ∆H +H · hpqhpq.
The evolution equations of the norm squared of the second fundamental form and the mean
curvature vector are
∂
∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2
∑
α,β
(∑
i,j
hijαhijβ
)2
+ 2
∑
i,j,α,β
(∑
p
hipαhjpβ − hjpαhipβ
)2(2.4)
∂
∂t
|H|2 = ∆|H|2 − 2|∇⊥H|2 + 2
∑
i,j
(∑
α
Hαhijα
)2
.
(2.5)
The last term in (2.4)is the squared length of the normal curvature, which we denote by
|Rm⊥|2. For convenience we label the reaction terms of the above evolution equations by
R1 =
∑
α,β
(∑
i,j
hijαhijβ
)2
+ |Rm⊥|2
R2 =
∑
i,j
(∑
α
Hαhijα
)2
.
2.1. Preservation of pinching. We consider the quadratic quantity
Q = |A|2 + a− c|H|2(2.6)
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where c and a are positive constants. Combining the evolution equations for |A|2 and |H|2
yields
∂tQ = ∆Q− 2(|∇A|2 − c|∇H|2) + 2R1 − 2cR2.(2.7)
We have the following Kato type inequality which is a consequence of the Codazzi equation.
Lemma 2.2. For any hypersurface M0 ⊂ Rn+m we have
|∇A|2 ≥ 3
n+ 2
|∇H|2.(2.8)
This is proven in [3](as in Hamilton [15]and Huisken [20]) and shows that the gradient
terms in (2.7)are strictly negative if c < 3
n+2
. For c < 4
3n
we also have R1 − cR2 < 0 (see
[3]), so by the maximum principle:
Lemma 2.3. Let F :Mn × [0, T )→ Rn+m be a solution to the mean curvature flow such
that M0 satisfies
|A|2 + a ≤ c|H|2(2.9)
for some a > 0 and c ≤ 4
3n
. Then this condition is preserved by the mean curvature flow.
In fact we will require a slight modification of this Lemma. For the above reaction terms
in the evolution of (2.7), since Q ≤ 0 is preserved by the flow, we have
2R1 − 2cR2 ≤ 2|A1|2Q− 2a|A1|2 − 2a
n
1
c− 1/n |
◦
A−|2
+
2
n
1
c− 1/n |A−|
2Q+
(
6− 2
n(c− 1/n)
)
| ◦A1|2|
◦
A−|2 +
(
3− 2
n(c− 1/n)
)
| ◦A−|4
where A1 is the second fundamental form in the mean curvature direction and
◦
A− represents
(traceless) second fundamental form in the directions orthogonal to the mean curvature.
Therefore we have the following Lemma,
Lemma 2.4. Let F :Mn × [0, T )→ Rn+m be a solution to the mean curvature flow such
that M0 satisfies
Q(x, 0) = |A|2(x, 0) + a− c|H|2(x, 0)
for some a > 0 and c ≤ 4
3n
. Then Q(x, t) ≤ 0 and we have the following evolution inequality
∂tQ ≤ ∆Q− 2(|∇A|2 − c|∇H|2) + 2|A1|2Q− 2a|A1|2 − 2a
n
1
c− 1/n |
◦
A−|2
+
2
n
1
c− 1/n |A−|
2Q+
(
6− 2
n(c− 1/n)
)
| ◦A1|2|
◦
A−|2 +
(
3− 2
n(c− 1/n)
)
| ◦A−|4(2.10)
≤ 0.
In particular, the reaction terms satisfy R1−cR2 ≤ 0 whenever Q ≤ 0. As a consequence,
we see the flow preserves both |H| > 0 and (2.9).
The following existence theorem holds for the mean curvature flow of M0 under the
conditions of Theorem 1.1:
HIGH CODIMENSION MCF WITH SURGERY 7
Theorem 2.5. The mean curvature flow of M0 exists on a finite maximal time interval
0 ≤ t < T <∞. Moreover, lim supt→T |A|2 =∞.
The proof that the maximal time of existence is finite follows easily from the evolution
equation for the position vector F : ∂
∂t
|F |2 = ∆|F |2 − 2n. The maximum principle implies
|F (p, t)|2 ≤ R2 − 2nt and thus T ≤ R2
2n
, where R = max {|F0(p)| : p ∈ Σ}. The proof of
the second part of the theorem can be found in [3].
2.2. Surgery Class. Here we will introduce a class of submanifolds that is invariant under
smooth mean curvature flow and surgery.
Definition 2.6. Consider a set of parameters denoted by R, α1, α2, α3. Let Cn,k(R, α),
where α = (α1, α2, α3) be the class of smooth and closed immersed submanifolds F :
Mn → Rn+m that satisfy
i) |A|2 − 1
n−2 |H|2 ≤ −α0|H|2
ii) |H| ≥ α1
R
iii) |M| ≤ α2Rn.
Here R is the scaling parameter chosen so that α = (α0, α1, α2) are scaling invariant in the
following way : if F ∈ Cn,k(R, α) then r0F ∈ Cn,k(r0R, α). Note that R will be chosen so
that |A|2 ≤ 1
R2
on the initial submanifold M0.
This class Cn,k(R, α) is well adapted to high codimension mean curvature flow.
Proposition 2.7. (i) For each R, α, the class Cn,k(R, α) is invariant under the mean
curvature flow.
(ii) For every strictly quadratically pinched, smooth closed submanifold we can choose R,
α such that M ∈ Cn,k(R, α) and |A|2 ≤ 1R2 holds everywhere on M.
Proof. For part (i) of the theorem, the preservation of i) from Definition 2.6 follows from
the evolution equations in Lemma 2.3. The remaining inequalities ii) and iii) follow from
the evolution equations for |H| and √det gij .
For part (ii) of the theorem, we choose R so that supM |A|2 ≤ 1R2 . The existence of
α0, α1, α2 then follows from compactness. 
2.3. Mean Curvature Flow with Surgeries. In this section, we define the mean curva-
ture flow with surgery in high codimension. This surgery procedure will be closely modelled
on the procedure in [23] and [16]. The purpose of the mean curvature flow with surgery is
extend the flow past singularities but with control on the underlying topology, geometry
and analysis of the submanifold. This distinguishes if from other methods to flow past
singularities in high codimension such as [5], [24], [1] or [2].
Surgery can be thought of as reverse connected sum procedure. Here, using the mean
curvature flow, we identify neck regions - that is parts of the submanifold that are geomet-
rically close to a standard cylinder Sn−1 × (a, b) ⊂ Rn+m in a precise quantitative manner.
The surgery procedure then replaces part of the neck with two spherical caps, the surgery
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is designed to remove regions of high curvature. We note that the surgery may in fact
not change the topology of the underlying components. The surgery will be defined with
a number of parameters, we will show these can be chose so that the class Cn,k(R, α) is
preserved by mean curvature with surgery.
Definition 2.8 (Mean Curvature Flow with Surgery). The Mean curvature flow with
surgery is determined by an algorithm that assigns to each initial smooth closed quadrat-
ically bounded immersed submanifold F0 :M1 → Rn+m in some surgery class Cn,k(R, α) a
sequence of intervals [0, T1], [T1, T2], [T2, T3], · · · , [TN−1, TN ], a sequence of manifoldsMi, i ≤
i ≤ N and a sequence of smooth mean curvature flows F it :Mi → Rn+m, t ∈ [Ti−1, Ti] such
that the following are true:
(1) The initial data submanifold for F 1t is given by F0 :M1 → Rn+m
(2) The initial data submanifold for F it : Mi → Rn+m on [Ti−1, Ti] for 2 ≤ i ≤ N are
obtained from F i−1Ti−1 by the following procedure
(a) Using the standard surgery, a submanfiold Fˆ i−1Ti−1 : Mi → Rn+m is obtained
from F i−1Ti−1 : Mi−1 → Rn+m by standard surgery by replacing finitely many
disjoint necks by two spherical caps.
(b) Finitely many disconnected components that are recognised to be diffeomor-
phic to Sn or Sn−1 × S1.
After these two steps are completed, the resulting submanifold becomes the initial
data submanifold for F iTi−1 for smooth mean curvature flow on [Ti−1, Ti].
We say that the mean curvature flow with surgery terminates after finitely many steps at
time TN if either
(i) All connected components of FNTi are recognised as being diffeomorphic to S
n or Sn−1×
S
1,
(ii) or in step (b) above all components of the proposed initial data FˆNTi are recognised as
being diffeomorphic to Sn or Sn−1 × S1.
A priori, there is no reason for the surgery algorithm to terminate after finitely many
steps. In the case of quadratically bounded curvature, we ensure this by carefully choosing
the surgery time and scale of the surgery. The scale of surgery means that each surgery
removes a fixed portion of the submanifold. In particular, we will show that there are three
constants ω1, ω2, ω3 > 1 such that the class Cn,k(R, α) is preserved by mean curvature flow
with surgery, where ω1, ω2, ω3 depend on α so that if we take
H1 ≥ ω1
R
, H2 = ω2H1 & H3 = ω3H2
we construct the mean curvature flow with surgery so that
• The parameter H3 is the surgery threshold. The surgery times Ti, 1 ≤ i ≤ N are
determined as the first time in [Ti−1, Ti] where the norm of the mean curvature |H|
has maximum value H3, that is if t < Ti then
|H(p, t)| < max
q∈Mτ ,tτ∈[Ti−1,Ti]
|H(q, τ)| = H3.
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• The parameter H2 is the surgery reduction parameter. The maximum mean curva-
ture H imax(Ti−1) of F
i
Ti−1
is reduced to H2 by surgery step (ii) for each 1 ≤ i ≤ N .
Hence, the norm of the mean curvature on Mt will be uniformly bounded by H3
throughout the mean curvature flow with surgery.
• The parameter H1 represents the approximate mean curvature of the surgered re-
gions. All surgeries in step 1 of (ii) are performed in regions of the submanifold
where the norm of the mean curvature is approximately H1, that is
H1
2
≤ |H| ≤ 2H1.
We note here that the surgery algorithm is completely determined by the choices of
surgery parameters in the standard surgery which only depend on n as well as the param-
eters H1, H2 and H3 which in turn only depend on the constants ω1, ω2, ω3 depending on
α.
Theorem 2.9. For any given initial data submanifold M0 in some Cn,k(R, α) there exists
a mean curvature flow with surgery that starts from M0 and terminates after a finite
number of steps. The submanifolds of the mean curvature flow with surgery satisfy uniform
curvature bounds depending on R, α and all time intervals have length bounded from below
depending only on R and α.
3. Necks and Surgery
In this section, we develop the notion of an (ε, k, L) cylindrical neck region for subman-
ifolds of high codimension. This is based on ideas of Huisken-Sinestrari [23] for hypersur-
faces and Hamilton [16] for Ricci Flow (see also Perelman [31]). An (ε, k, L) neck region
in a submanifold of arbitrary codimension Mn → Rn+m is a region that after appropriate
rescaling is close in the Ck+2 norm to a standard cylinder of length 2L.
Our construction of surgery is related to Hamilton’s surgery method in [16]. In that
paper, Hamilton distinguishes curvature necks and geometric necks. Curvature necks are
regions which have the intrinsic Riemannian curvature close to the curvature of a cylinder
whereas geometric necks are regions that have an actual parameterisation that is close to the
standard cylinder. Hamilton shows the two notions are essentially equivalent. Furthermore,
since we are working in high codimension, we will also need a notion of almost hypersurface.
Definition 3.1 (Extrinsic Curvature Spheres and Almost Hypersurfaces). Let Mn ⊂
R
n+m be a smooth submanifold of Euclidean space.
(i) We say that the extrinsic curvature is ε-almost hypersurface at p if there is a normal
vector ν such that the Weingarten map W (p) : TpMn ⊕NpMn → TpMn satisfies
|W−(p)| ≤ ε,
where Wν is the projection of W onto the normal direction ν and W− the projection
onto the subspace of the normal bundle orthogonal to ν. Furthermore we say that
the extrinsic curvature is ε-spherical at p if there is a normal vector ν such that the
Weingarten map W (p) : TpMn ⊕NpMn → TpMn
|Wν(p)− Id| ≤ ε,
|W−(p)| ≤ ε.
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Finally we say that the extrinsic curvature is ε-cylindrical at p if there is a normal
vector ν such that the Weingarten map W (p) : TpMn ⊕NpMn → TpMn
|Wν(p)−W | ≤ ε,
|W−(p)| ≤ ε.
where W is the Weingarten on the tangent space of Sn−1 × R→ P ⊂ Rn+m where P
is a linear subspace of dimension n + 1 orthogonal to ν.
(ii) We say that the extrinsic curvature is (ε, k)-parallel at p if
|∇lW (p)| ≤ ε for 1 ≤ l ≤ k.
(iii) We say that extrinsic curvature is (ε, k)-almost hypersurface on Mn if is ε-almost
hypersurface and ε-parallel for all p ∈Mn. We say that extrinsic curvature is (ε, k)-
spherical on Mn if is ε-spherical and ε-parallel for all p ∈ Mn. Finally we say that
extrinsic curvature is (ε, k, L)-cylindrical on around p if is ε-cylindrical and ε-parallel
about any point in an intrinsic ball of radius L around p.
(iv) We say that extrinsic curvature is (ε, k)-homothetically almost hypersurface, (ε, k)-
homothetically spherical or (ε, k, L)-homothetically cylindrical around p if there exists
a scaling constant σ such that for σM, (iii) above holds.
Remark 3.2. Clearly (ε, k)-spherical on Mn implies (ε, k)-almost hypersurface on Mn .
Proposition 3.3. For ε > 0∃ε′ > 0, ε′ = ε′(ε, n) such that for all p ∈Mn such that if the
extrinsic curvature is (ε, k)-spherical then Mn is (ε′, k)-intrinsic spherical.
Proof. This statement is immediate from Gauss’ formula for the curvature
Rijkl =
k∑
α=1
(hikαhjlα − hilαhjkα)
= (hikνhjlν − hilνhjkν) +
k∑
α=1,α6=ν
(hikαhjlα − hilαhjkα)

Proposition 3.4. For k ≥ 1, ∃ε(n) > 0 | ∀ε, 0 < ε ≤ ε(n) sufficiently small, and let
F : Ω→⊂M ⊂ Rn+m be an immersion of a submanifold.
i) Suppose that M is (ε, k) almost hypersurface inside a ball Bd(p), diameter d ≥ 4 is a
uniformly quadratically spherically pinched submanifold then M is close in C∞ to an
immersion of a hypersurface, that is there exists an immersion such that
f : Ω→ N ⊂ Rn+m, f(Ω) ⊂ N ⊂ P | ‖F − f‖C∞(Ω) ≤ ε˜(ε).
where ε˜(ε)→ 0 as ε→ 0 and P ≃ Rn+1 is a linear subspace of dimension n+ 1.
ii) Suppose that M is (ε, k)-spherical inside a ball Bd(p), diameter d ≥ 4 is a uniformly
quadratically spherically pinched submanifold then M is close in C∞ to (part) the
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immersion of a standard R-sphere, that is there exists an immersion with some R > 0
and p ∈ Rn+m, such that
f : Ω→ Rn+m, f(Ω) ⊂ SnR(p) | ‖F − f‖C∞(Ω) ≤ ε˜(ε).
where ε˜(ε)→ 0 as ε→ 0.
Proof. We will prove (ii), (i) follows by an exactly analogous argument. We argue by
contradiction. Therefore, let us assume there exists a sequence of εi → 0 and immersions
Fi : Ω → Rn+m such that Fi are (εi, k) spherical but are not close to any immersion of a
standard R-sphere. In particular, there exists an ε˜ > 0 such that
‖Fi − f‖Ck(Ω) ≥ ε˜
for any immersion, f , into a standard n-dimensional sphere. However, we have
|W iν(p)− Id| ≤ εi,
|W i−(p)| ≤ εi,
and
|∇lW i(p)| ≤ εi for 1 ≤ l ≤ k.
In particular we can apply the Langer-Breuning compactness theorem and conclude that
there exists an immersion F ∈ Ck(Ω) such that Fi → F . Furthermore |Wν(p) − Id| =
0, |W−(p)| = 0 and |∇lW (p)| = 0, 0 ≤ l ≤ k. But by Schur’s theorem, this shows F is a
subset of a standard sphere which is a contradiction. 
Remark 3.5. By Theorem 1 of [3], (ii) follows immediately by the exponential convergence
of high codimension mean curvature flow to a round point.
3.1. Normal Parameterisations. In [23], developing [16], the notion of a normal pa-
rameterisation for maximally extended extrinsic neck for a hypersurface is given. Here we
extend this notion to submanifolds of arbitrary codimension. We recall that a topological
neck is a diffeomorphism N : Sn−1 × [a, b] →֒ M. For such a neck, we define the average
radius r : [a, b]→ R as follows : Let Σz = N(Sn−1×{z}) denote a neck cross section. Then
we let |Σz|g denote the area of the cross section with respect to the pull back metric, then
r is defined as
|Σz|g = σn−1r(z)n−1
where σn−1 denotes the area of the standard (n − 1) sphere of radius 1. We denote by g¯
the standard metric on Sn−1 × [a, b].
Here we will determine a neck from its metric structure. The following definition encap-
sulates this idea.
Definition 3.6 (Geometric Neck). The local diffeomorphism N : Sn−1 × [a, b] → (M, g)
is called an intrinsic (ε, k)− geometric neck if it satisfies the following conditions
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(i) The conformal metric gˆ = r(z)−2g satisfies the estimates
|gˆ − g¯|g¯ ≤ ε, |D¯gˆ|g¯ ≤ ε for i ≤ j ≤ k,
uniformly on Sn−1 × [a, b].
(ii) the mean radius function r : [a, b]→ R satisfies the estimates∣∣∣∣∣
(
d
dz
)j
log r(z)
∣∣∣∣∣ ≤ ε
for all 1 ≤ j ≤ k everywhere on [a, b].
Remark 3.7. Note that this shows for example that |g|g¯ ≤ Cr2(z).
Definition 3.8 (Normal Neck). A local diffeomorphism N : Sn−1 × [a, b] → (M, g) is
called normal if it satisfies the following conditions
(i) Each cross section Σz = N(S
n−1 × {z}) ⊂ (M, g) has constant mean curvature.
(ii) The restriction of N to each Sn−1 × {z} equipped with the standard metric is a
harmonic map to Σz equipped with the metric induced by g
(iii) The volume of any subcylinder with respect to the pull back of g is given by
vol(Sn−1 × [v, w], g) = σn−1
∫ w
v
r(z)ndz,
and
(iv) for any Killing vector field V¯ on Sn−1 × {z} we have∫
Sn−1×{z}
g¯(V¯, U)dµ = 0
where U is the unit normal vector field to Σz in (M, g) and dµ is the measure of the
metric g¯ on the standard cylinder.
Essentially the idea is that we can detect a geometric neck using a curvature flow (Ricci
flow or mean curvature flow) since these are geometric quantities (possibly through the cur-
vature). But to perform the surgery we need a standard parameterisation of the geometric
necks. In fact, this is what Hamilton does in [16]. Away from the boundary, for a suitable
range of parameters (ε, k) each geometric (ε, k)-cylindrical neck N : Sn−1× [a, b] →֒ (M, g)
can be changed by diffeomorphism, to a normal neck N˜ : Sn−1 × [a˜, b˜] →֒ (M, g) which is
unique up to isometries of the standard cylinder. This the content of [16, Theorem 2.2].
We now adapt the definition of [16] and [23] to the case of submanifolds with arbitrary
codimension. The key difference is that we are required to specify a non-vanishing normal
direction.
Definition 3.9 (Submanifold Neck). Let N : Sn−1 × [a, b] →֒ (M, g) ⊂ Rn+m be an
intrinsic (ε, k)-cylindrical neck in a smooth submanifold F : M →֒ Rn+m with induced
metric and Weingarten map. We say that N is an (ε, k) cylindrical submanifold neck if in
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addition to the assumptions in Definition 3.6 we have a unit normal direction ν ∈ NM
such that
|Wν(q)− r(z)−1W¯ | ≤ εr(z)−1,
|W−(q)| ≤ εr(z)−1 &
|∇lW (q)| ≤ εr(z)−l−1, 1 ≤ l ≤ k,
for all q ∈ Sn−1 × {z} and all z ∈ [a, b].
The key notion here is the combine overlapping necks to form maximal necks.
Definition 3.10 (Maximal Normal Neck). We call an (ε, k)-cylindrical submanifold neck
N a maximal normal (ε, k)-cylindrical submanifold neck if N is normal and if whenever N∗
is another neck with N = N∗ ◦G for some diffeomorphism then the map G is surjective.
The following theorem is a uniqueness statement about normal and geometric necks.
Theorem 3.11 ([16, Lemma C2.1] Uniqueness). There exists (ε, k) so that if N1 and N2
are necks in the same manifoldMn and are both normal and geometrically (ε, k) cylindrical,
and if there exists a diffeomorphism F of the cylinders such that N2 = N1F then F is an
isometry in the standard metrics on the cylinders.
The next theorem tells us that whenever we have a geometric neck, then there exists
a (smaller) normal neck. This is crucial for defining mean curvature flow with surgery as
the natural curvature estimates from the flow give us criteria to detect geometric necks.
However the surgery procedure depends to having a parameterised or normal neck.
Theorem 3.12 (Existence). For any δ > 0 there exists an ε > 0, k such that if N :
S
n−1 × [a, b] →֒ M is an (ε, k)-cylindrical submanifold neck with b − a ≥ 3δ then there
exists a normal neck N∗ and a diffeomorphism G of the domain cylinder of N∗ onto a
region in the domain cylinder of N containing all points at least δ from the ends such that
N∗ = N ◦G. Furthermore for any (ε′, k′) there exists (ε, k) such that the normal neck N∗
is an (ε′, k′) cylindrical submanifold neck.
Theorem 3.13 (Overlapping). For any δ > 0 we can choose an ε > 0 and k such that
the following property holds: If N1 and N2 are two normal necks in the same submanifold
which are both geometrically (ε, k)-cylindrical and if there is any point P1 in the domain
cylinder of N1 at standard distance at least δ from the ends whose image in M is also
in the image of N2 then there exists a normal neck N which is also geometrically (ε, k)
cylindrical and there exist diffeomorphisms F1 and F2 such that N1 = NF1 and N2 = NF2
provided n ≥ 3.
Now we show an extrinsic curvature neck is essentially equivalent to a submanifold neck.
Theorem 3.14. For every (ε, k, L) and L ≥ 10 there exists (ε′, k) such that if the extrinsic
curvature is (ε′, k′, L)-cylindrical about p ∈M then p lies at the centre of a normal (ε, k)-
cylindrical submanifold neck N : Sn−1 × [−(L − 1), L − 1] →֒ M which is contained in a
maximal normal (ε, k)-submanifold neck unless the target submanifold is diffeomorphic to
S
n−1 × S1.
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3.2. Standard Surgery. We now consider F :Mn →֒ Rn+m a smooth closed submanifold
and let
N : Sn−1 × [a, b] →֒ M
be a maximal normal (ε, k)-submanifold neck, where (ε, k) lies in the range where Theorems
3.11, Theorem 3.12 and Theorem 3.13 hold. We choose z0 ∈ [a, b] with sufficient distance
to the ends of the neck z ∈ [z0 − 4Λ, z0 + 4Λ] ⊂ [a, b] for some Λ to be determined later.
The following definition is taken from [23] with appropriate modifications for the high
codimension case. Note that in our case the submanifolds will essentially be codimension
one and, intuitively, the submanifold lies mostly in a Rn+1 ⊂ Rn+m subspace of Euclidean
space.
Definition 3.15 (Standard Surgery with Parameters τ, B). Given a maximal normal (ε, k)-
submanifold neck and z0 as well as parameters 0 < τ < 1, B > 10Λ we now define the
standard surgery with parameters τ, B at the cross section Σz0 = N(S
n−1×{z0}) replacing
the cylindrical image of Sn−1 × [z0 − 4Λ, z0 + 4Λ] by smoothly attaching two properly
adapted spherical caps. Let us denote by C¯z0 : S
n−1 × R → Rn+m the straight cylinder
that best approximates M at the cross section Σz0
• The radius of C¯ is chosen as the mean radius r(z0) = r0, a point on its axis if given
by the centre of mass of Σz0 with its induced metric.
• its axis is parallel to the average of the unit normal field to Σz0 ⊂ (M, g) taken
with respect to the induced metric.
The standard surgery with parameters τ, B is performed as follows
a) The surgery leaves two collars Sn−1 × [a, z0 − 3Λ] and Sn−1 × [z0 + 3Λ, b] unchanged.
b) It replaces the two cylinders N(Sn−1 × [z0 − 3Λ, z0]) and N(Sn−1 × [z0, z0 + 3Λ]) by
two n-balls attached smoothly to Σz0−3Λ and Σz0+3Λ respectively. The attachments at
[z0 − 4Λ, z0] and [z0, z0 + 4Λ] are analogous and we will only describe the procedure
for [z0 − 4Λ, z0]. For convenience, let z0 = 4Λ and consider a normal parameterisation
N : Sn−1 × [0, 4Λ]→M in the following.
c) Let u(z) ≡ r0 exp
(− B
z−Λ
)
on [Λ, 3Λ] for B > 10Λ in Gaussian normal coordinates to
bend the submanifold inwards into a submanifold which is strictly spherically pinched
on Sn−1 × [2Λ, 3Λ] for parameter 0 < τ < 1:
N˜τ (ω, z) := N(ω, z)− τu(z)ν+(ω, z).(3.1)
d) To blend the resulting submanifold into an axially symmetric one, we choose a fixed
smooth transition function ϕ : [0, 4Λ] → R+ with ϕ = 1 on [0, 2Λ], ϕ = 0 on [3Λ, 4Λ]
with ϕ′ ≤ 0. We denote by C˜z0 : Sn−1×[0, 4Λ]→ Rn+m the bending of the approximating
cylinder defined above, C˜z0 = C¯z0(ω, z)−τu(z)ν+C¯ (ω, z) we can then interpolate to obtain
Nˆ(ω, z) := ϕ(z)N˜(ω, z) + (1− ϕ(z))C˜z0(ω, z).
We note that the function ϕ only depends on Λ and that it can be defined in such a
way that all its derivatives are smaller if Λ is larger. In particular, if we assume Λ ≥ 10,
each derivative of ϕ is bounded by some fixed constant.
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e) Finally, we suitably change u on [3Λ, 4Λ] to a function uˆ to ensure τ uˆ(z)→ r(z0) = r0z
as z approaches some z1 ∈ (3Λ, 4Λ] such that C˜z0([3Λ, 4Λ]) is a smoothly attached
axially symmetric and uniformly spherically pinched cap. Since this last deformation
on [3Λ, 4Λ] only concerns the axisymmetric case, it can be made for each pair τ, B of
parameters in such a way that on the attached strictly spherically pinched cap there is
some fixed upper bound for the curvature and each of its derivatives, independent of
Λ ≥ 10 and the surgery parameters τ, B.
Next we will need to obtain quantitative estimates on the effect of the bending on the
curvature of the submanifold.
3.3. High Codimension Surgery. We consider a neck,
N : Sn−1 × [a, b]→ N ⊂ Rn+m
with the following Weingarten relations
∂2N
∂xi∂xj
− Γkij
∂N
∂xk
= −hij = −hαijνα,
∂να
∂xi
= hαilg
lk ∂N
∂xk
+
∑
T βiανβ
where T βiα are the Christoffel symbols of the normal bundle which satisfy T
β
iα = −T αiβ so
that T αiα = 0. We assume the neck is in a normal parameterisation and consider a positive
scalar function u : [a, b]→ R as well as a parameter τ ≥ 0, such that
τ(|u(z)| + |u′(z)|) ≤ r(z).
We will need here a method that describes the effect of the deformation
N˜τ (p) = N(p)− τu(z)ν+(p)(3.2)
where ν+ = H|H| is the principal normal direction. In our situation, we have additional
normal directions but we do not need to bend them. As we have shown in [30], the
cylindrical regions are close to codimension one and hence most of the curvature lies in the
mean curvature direction.
In [23], we have the following calculations that compute the effect of the deformation.
This corresponds to the situation of m = 1, or the hypersurface case.
Lemma 3.16 ([23, Lemma 3.15]).
(i) g˜τij = gij + τ
2δ1i δ
1
j (u
′)2 + τ 2u2h+ilh
+l
j − 2τuh+ij + τ 2u2
∑
T βi+T
γ
j+gβγ
(ii) d
dτ
g˜τij = −2uhij + 2τδ1i δ1j (u′)2 + 2τu2hilhlj + 2τu2
∑
T βi+T
γ
j+gβγ
(iii) d
dτ
√
det g˜τ =
√
det g˜τ g˜τ,ij(−uhij + τδ1i δj1(u′)2 + τu2hilhlj + τ 2u2
∑
T βi+T
γ
j+gβγ)
Proof. We see
g˜τij =
〈
∂N˜τ
∂xi
,
∂N˜τ
∂xj
〉
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and
∂N˜ τ
∂xi
=
∂N
∂xi
− τu′δ1i ν+ − τu
∂ν+
∂xi
so that
g˜τij =
〈
∂N
∂xi
− τu′δ1i ν+ − τu
∂ν+
∂xi
,
∂N
∂xj
− τu′δ1j ν+ − τu
∂ν+
∂xj
〉
= gij − 2τ
〈
∂N
∂xi
,
∂ν+
∂xj
〉
+ τ 2(u′)2δ1i δ
1
j
+ 2τ 2uu′δ1i
〈
ν+,
∂ν+
∂xj
〉
+ τ 2u2
〈
∂ν+
∂xi
,
∂ν+
∂xj
〉
= gij − 2τ
〈
∂N
∂xi
,
∂ν+
∂xj
〉
+ τ 2(u′)2δ1i δ
1
j
+ τ 2u2
〈
∂ν+
∂xi
,
∂ν+
∂xj
〉
,
and
τ 2u2
〈
∂ν+
∂xi
,
∂ν+
∂xj
〉
= τ 2u2
〈
h+ilg
lk ∂N
∂xk
+
∑
T βi+νβ, h
+
jlg
lk ∂N
∂xk
+
∑
T βi+νβ
〉
= τ 2u2h+ilh
+
jkg
lk + τ 2u2
∑
T βi+T
γ
j+gβγ.
Therefore
g˜τij = gij + τ
2δ1i δ
1
j (u
′)2 + τ 2u2h+ilh
+l
j − 2τuh+ij + τ 2u2
∑
T βi+T
γ
j+gβγ.
From this we immediately compute
d
dτ
g˜τij = −2uh+ij + 2τδ1i δ1j (u′)2 + 2τu2h+ilh+,lj + 2τu2
∑
T βi+T
γ
j+gβγ
and
d
dτ
√
det g˜τ =
1
2
g˜τ,ij
d
dτ
gτij
√
det g˜τ
=
√
det g˜τ g˜τ,ij
(
−uhij + τδ1i δ1j (u′)2 + τu2hilhlj + τ 2u2
∑
T βi+T
γ
j+gβγ
)
.

Corollary 3.17. For k ≥ 1 and 0 < ε < ε0 sufficiently small, there is a fixed constant
c > 0 such that for all deformations N˜τ given in (3.2) of an (ε, k)-cylindrical neck in a
normal parameterisation we have the estimates
(i) |g˜τij − (gij − 2τuh+ij)| ≤ cτ 2(|u|2 + |u′|2),
(ii) |g˜τ,ij − (gij + 2τuh+,ij)| ≤ cτ 2r−4(|u|2 + |u′|2) and
(iii) |√det g˜τ −√det g(1− τu|H|)| ≤ cτ 2rn−2(|u|2 + |u′|2).
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Proof. These estimates follow immediately from Lemma 3.16. 
In the following, we will use the notation f = g + O(h) to mean that there exists a
constant C such that |f − g| ≤ C|h|.
Theorem 3.18. For k ≥ 1 and 0 < ε < ε0 sufficiently small, there is a fixed constant
c > 0 such that for all deformations N˜τ given in (3.2) of an (ε, k)-cylindrical neck in a
normal parameterisation we have the estimates
(i)
h˜τij = hij + τδ
1
j δ
1
i u
′′ν+ + τuh+,kj
∂2N
∂xi∂xk
+ τδ1ju
′∂ν
+
∂xi
+ τδ1i u
′h+,kj
∂N
∂xk
+ τu
∂h+,kj
∂xi
∂N
∂xk
+ τu′(δ1i h
+,k
j + δ
1
jh
+,k
i − g1kh+ij)
∂N
∂xk
+O(ετ(|u|+ |u′|)) +O(τ 2(|u|2 + |u′|2 + |u′′|2)),
(ii)
h˜τ,ji = h
j
i + τg
1jδ1i u
′′ν+ + τuh+,jk
∂2N
∂xi∂xk
+ τg1ju′
∂ν+
∂xi
+ τδ1i u
′h+,jk
∂N
∂xk
+ τu
∂h+,jk
∂xi
∂N
∂xk
+ τu′(δ1i h
+,jk + g1jh+,ki − g1kh+,ji )
∂N
∂xk
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
(iii)
H˜τ = H + τg11u′′ν+ − τuh+,jk ∂
2N
∂xi∂xk
+ τg1iu′
∂ν+
∂xi
+ τu′h+,1k
∂N
∂xk
+ τu
∂h+,ik
∂xi
∂N
∂xk
+ τu′(δ1i h
+,ik + g1ih+,ki − g1kh+,ii )
∂N
∂xk
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
(iv)
|A˜τ |2 = |A|2 + 2τδ1i δ1ju′′h+,ij + 2τuh+,kj hikhij
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
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and
(v)
|H˜τ |2 = |H|2 + 2τu′′g11|H|+ 2τuh+,kj h+ikgij|H|
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
.
Proof. We note that we have the Weingarten relations
−h˜τij =
∂2N˜τ
∂xi∂xj
− Γ˜τ,kij
∂N˜τ
∂xk
where h˜τij = h˜
τ,α
ij ν˜
τ
α. Recall that N˜τ = N − τuν+.
Therefore we compute
∂N˜τ
∂xj
=
∂N
∂xj
− τ ∂u
∂xj
ν+ − τu∂ν
+
∂xj
=
∂N
∂xj
− τδ1ju′ν+ − τuh+,kj
∂N
∂xk
− τu
∑
T αj+να.
Next we compute that
∂2N˜τ
∂xi∂xj
=
∂2N
∂xi∂xj
− τδ1j δ1i u′′ν+ − τδ1ju′
∂ν+
∂xi
− τδ1i u′h+,kjl
∂N
∂xk
− τu∂h
+,k
j
∂xi
∂N
∂xk
− τuh+,kj
∂2N
∂xi∂xk
− τδ1i u′
∑
T αj+να − τu
∑ ∂T αj+
∂xi
να − τu
∑
T αj+
∂να
∂xi
.
Next we note that
Γ˜τ,kij =
1
2
g˜τ,kl
(
∂g˜τjl
∂xi
+
∂g˜τli
∂xj
− ∂g˜
τ
ij
∂xl
)
.
Computing we see
∂g˜τij
∂xl
=
∂gij
∂xl
− 2τδ1l u′h+ij − 2τu
∂h+ij
∂xl
+ 2τ 2u′u′′δ1i δ
1
j δ
1
l
+ 2τ 2δ1l uu
′h+iph
+,p
j + τ
2u2
∂h+ip
∂xl
h+,pj + τ
2u2h+ip
∂h+,pi
∂xl
+ 2τ 2δ1l uu
′∑T βi+T γj+gβγ + 2τ 2u2∑ ∂T
β
j+
∂xl
gβγ + τ
2u2
∑
T βi+T
γ
j+
∂gβγ
∂xl
,
that is we have
∂g˜τij
∂xl
=
∂gij
∂xl
− 2τδ1l u′h+ij +O(ετ |u|) +O(τ 2(|u|2 + |u′|2 + |u′′|2)).
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Since we have the expansion |g˜τ,ij − (gij + 2τuh+,ij)| ≤ cτ 2r−4(|u|2 + |u′|2), we see the
leading order terms are
g˜klτ
∂g˜τij
∂xl
≃ gkl
(
∂gij
∂xl
− 2τδ1l u′h+ij
)
≃ gkl∂gij
∂xl
− 2τg1ku′h+ij .
Hence we find
Γ˜τ,kij ≃ Γkij − τu′(δ1i h+,kj + δ1jh+,ki − g1kh+ij).
In full, we have the estimate
Γ˜τ,kij = Γ
k
ij − τu′(δ1i h+,kj + δ1jh+,ki − g1kh+ij) +O(ετ |u|) +O(τ 2(|u|2 + |u′|2 + |u′′|2)).
Since
∂N˜τ
∂xk
=
∂N
∂xk
− τ ∂u
∂xk
ν+ − τu∂ν
+
∂xk
=
∂N
∂xk
− τδ1ku′ν+ − τuh+,pk
∂N
∂xp
− τu
∑
T αk+να
we get
Γ˜τ,kij
∂N˜τ
∂xk
= Γkij
∂N
∂xk
− τu′(δ1i h+,kj + δ1jh+,ki − g1kh+ij)
∂N
∂xk
+O(ετ |u|) +O(τ 2(|u|2 + |u′|2 + |u′′|2)).
Therefore we have
∂2N˜τ
∂xi∂xj
− Γ˜τ,kij
∂N˜τ
∂xk
=
∂2N
∂xi∂xj
− Γkij
∂N
∂xk
− τδ1j δ1i u′′ν+ − τδ1ju′
∂ν+
∂xi
− τδ1i u′h+,kjl
∂N
∂xk
− τu∂h
+,k
j
∂xi
∂N
∂xk
− τuh+,kj
∂2N
∂xi∂xk
− τδ1i u′
∑
T αj+να − τu
∑ ∂T αj+
∂xi
να − τu
∑
T αj+
∂να
∂xi
− τu′(δ1i h+,kj + δ1jh+,ki − g1kh+ij)
∂N
∂xk
+O(ετ |u|) +O(τ 2(|u|2 + |u′|2 + |u′′|2)).
This then gives us
−h˜τij = −hij − τδ1j δ1i u′′ν+ − τδ1ju′
∂ν+
∂xi
− τδ1i u′h+,kj
∂N
∂xk
− τu∂h
+,k
j
∂xi
∂N
∂xk
− τuh+,kj
∂2N
∂xi∂xk
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− τδ1i u′
∑
T αj+να − τu
∑ ∂T αj+
∂xi
να − τu
∑
T αj+
∂να
∂xi
− τu′(δ1i h+,kj + δ1jh+,ki − g1kh+ij)
∂N
∂xk
+O(ετ |u|) +O(τ 2(|u|2 + |u′|2 + |u′′|2)),
or
h˜τij = hij + τδ
1
j δ
1
i u
′′ν+ + τuh+,kj
∂2N
∂xi∂xk
+ τδ1ju
′∂ν
+
∂xi
+ τδ1i u
′h+,kj
∂N
∂xk
+ τu
∂h+,kj
∂xi
∂N
∂xk
+ τu′(δ1i h
+,k
j + δ
1
jh
+,k
i − g1kh+ij)
∂N
∂xk
+O(ετ(|u|+ |u′|)) +O(τ 2(|u|2 + |u′|2 + |u′′|2)).
Since |g˜τ,ij − (gij + 2τuh+,ij)| ≤ cτ 2r−4(|u|2 + |u′|2), we get
−h˜τ,ji = −hji − τg1jδ1i u′′ν+ − τg1ju′
∂ν+
∂xi
− τδ1i u′h+,jk
∂N
∂xk
− τu∂h
+,jk
∂xi
∂N
∂xk
+ τuh+,jk
∂2N
∂xi∂xk
− τδ1i u′gpj
∑
T αp+να − τugpj
∑ ∂T αp+
∂xi
να − τugpj
∑
T αp+
∂να
∂xi
− τu′(δ1i h+,jk + g1jh+,ki − g1kh+,ji )
∂N
∂xk
+O
(
ε
τ
r2
|u|
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
or
h˜τ,ji = h
j
i + τg
1jδ1i u
′′ν+ + τuh+,jk
∂2N
∂xi∂xk
+ τg1ju′
∂ν+
∂xi
+ τδ1i u
′h+,jk
∂N
∂xk
+ τu
∂h+,jk
∂xi
∂N
∂xk
+ τu′(δ1i h
+,jk + g1jh+,ki − g1kh+,ji )
∂N
∂xk
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
and
H˜τ = H + τg11u′′ν+ − τuh+,ik ∂
2N
∂xi∂xk
+ τg1iu′
∂ν+
∂xi
+ τu′h+,1k
∂N
∂xk
+ τu
∂h+,ik
∂xi
∂N
∂xk
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+ τu′(δ1i h
+,ik + g1ih+,ki − g1kh+,ii )
∂N
∂xk
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
.
This shows the leading order normal terms in the expansion of h˜τij is given by
h˜τij ≃ hij + τδ1i δ1ju′′ν+ − τuh+,kj hik
and since |g˜τ,ij − (gij + 2τuh+,ij)| ≤ cτ 2r−4(|u|2 + |u′|2),
h˜τ,ji ≃ hji + τδ1j g1iu′′ν+ + τh+,ki hjk
and
H˜τ ≃ H + τg11u′′ν+ + τuh+,ki hik.
From this, we see the leading order terms of the expansion of |A˜τ |2 is
|A˜τ |2 ≃ |A|2 + 2τδ1i δ1ju′′h+,ij + 2τuh+,kj hikhij
and |H˜τ |2 is
|H˜τ |2 ≃ |H|2 + 2τu′′g11|H|+ 2τuh+,kj h+ikgij|H|
and with the error terms we get
|A˜τ |2 = |A|2 + 2τδ1i δ1ju′′h+,ij + 2τuh+,kj hikhij
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
,
and |H˜τ |2 is
|H˜τ |2 = |H|2 + 2τu′′g11|H|+ 2τuh+,kj h+ikgij|H|
+O
(
ε
τ
r2
(|u|+ |u′|)
)
+O
(
τ 2
r3
(|u|2 + |u′|2 + |u′′|2)
)
.

In order to blend the neck with a cap, we require the following function, let u(z) =
r0 exp
(− B
z−Λ
)
where r0 = r(4Λ) is the neck scale. The constant B is to be chosen.
Lemma 3.19 (cf [23, Lemma 3.18]).
(i) For z ∈ [Λ, 4Λ], the function f(z) = exp (− B
z−Λ
)
satisfies
f(z) ≤ 1, f ′′(z) ≤ 5
B2
, f ′(z) =
B
(z − Λ)2f(z), |f
′(z)|2 ≤ 5
B2
f(z)
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and for B ≥ 12Λ we have
f ′′(z) ≥ B
2
2(z − Λ)2f(z).
(ii) Furthermore, ∀Λ, δ > 0, ∃B sufficiently large so that
f(z) ≤ δf ′′(z), |f ′(z)|(1 + |f ′(z)|) ≤ δf ′′(z), |f ′′(z)| ≤ δ
everywhere on [Λ, 4Λ].
Therefore combining Lemma 3.19 and Theorem 3.18, we have
Corollary 3.20. For any Λ ≥ 10, we can choose k0 ≥ 1, 0 < ε0, 0 < τ0 < 1 and B
sufficiently large such that for all 0 < ε ≤ ε0, k ≥ k0 large enough so that the deformed
submanifold N˜τ0 satisfies
(1) |˜Hτ | ≥ |H|, |˜A˜τ |2 − 1
n−2 |H˜τ |2 ≤ |A|2 − 1n−2 |H|2,
√
det g˜ ≤ √det g on [Λ, 4Λ],
(2) |A˜τ |2 − 1
n−1 |H˜τ |2 ≤ −12τ0r0u′′, |A˜τ |2 − 1n−2 |H˜τ |2 ≤ |A|2 − 1n−2 |H|2 − 12τ0r0u′′ on
[2Λ, 3Λ],
(3)
|˜A˜τ |2− 1
n−2
|H˜τ |2
|H˜τ |2 ≤
|A|2− 1
n−2
|H|2
|H|2 on [Λ, 4Λ],
(4) |H˜τ | ≥ |H|+ 1
2
τ0r0u
′′,
√
det g˜ ≤ √det g (1− 1
2
τ0uH
)
on [Λ, 3Λ].
We now show the class of submanifolds Cn,k(R, α) is preserved under mean curvature
with surgery.
Theorem 3.21. For any Λ ≥ 10, we may choose k0 ≥ 1, 0 < ε0, 0 < τ0 sufficiently small
and b sufficiently large so that for all α = (α0, α1, α1) and R > 0 the class Cn,k(R, α)
is invariant under standard surgery with parameters τ0, B on a normal (ε, k)-submanifold
neck N : Sn−1 × [−4Λ, 4Λ]→M for all 0 < ε ≤ ε0 and k ≥ k0.
Proof. The proof of the above estimates essentially follows from Corollary 3.20. 
Here, we will fix the parameters Λ = 10 and k0 = 2. The parameters B and τ0 will
be fixed so that Theorem 3.21 is valid and so that the algebraic conditions implying the
gradient estimate and cylindrical estimate are valid.
Finally, in this section we show surgery is reverse connected sum in the following manner.
Theorem 3.22. There exists a range of parameters Λ ≥ 10, 0 < ε ≤ ε0 and k ≥ k0
depending only on n, such that the following is true. Suppose that the standard surgery
is performed in a normal (ε, k)-submanifold neck N : Sn−1 × [−4Λ, 4Λ] → M is some
connected smooth closed immersed submanifold F :M→ Rn+m resulting in a new smooth
submanifold M˜. If M˜ is connected then M is diffeomorphic to the manifold obtained from
M˜ by a standard connected sum with itself. If M˜ is disconnected with two components
M˜1 and M˜2 then M is diffeomorphic to the standard connected sum of M˜1 and M˜2. In
particular, if M˜ is disconnected and M˜2 is diffeomorphic to Sn then M˜1 is diffeomorphic
to M.
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Proof. This follows from the surgery construction: the two open n-discs attached by the
surgery are diffeomorphic to the standard disc and the two collars [−4Λ, 0], [0, 4Λ] are
(ε, k)-close to the standard cylinder. 
4. Gradient Estimates in the Presence of Surgery
In the paper, [30], a key gradient estimate was proved for the smooth mean curvature
flow. Here we adapt the estimate to the case of mean curvature flow with surgery.
Theorem 4.1. Let Mt ∈ Cn,k(R, α) be a solution of the mean curvature flow with surgery
and normalised initial data. Then there exists a constant γ1 = γ1(n,M0) and a constant
γ2 = γ2(n,M0) such that the flow satisfies the uniform estimate
|∇A|2 ≤ γ1|A|4 + γ2R−4
for all t ≥ R2
4
.
Proof. We choose here κn =
(
3
n+2
− c) > 0. As c = 1
n−2 − η, n ≥ 2, κn is strictly positive.
We will consider here the evolution equation for
|∇A|2
g2
where g = α|H|2−|A|2−β where α and β are constants coming from the quadratic bounds
on |A|2 ensuring that g is strictly positive. Since |A|2 − c|H|2 < 0, |H| > 0 and M0 is
compact, there exists an η(M0) > 0, Cη(M0) > 0 so that
(c− η) |H|2 − |A|2 ≥ Cη
R2
> 0.(4.1)
Hence we set
g = c|H|2 − |A|2 > ε|A|2 > 0
where ε = η
c
. From the evolution equations, (2.10), we get
∂tg = ∆g − 2
(
c|∇H|2 − |∇A|2)+ 2 (cR2 − R1)
≥ ∆g − 2
(
n+ 2
3
c− 1
)
|∇A|2
≥ ∆g + 2κnn + 2
3
|∇A|2.
The evolution equation for |∇A|2 is given by
∂
∂t
|∇A|2 −∆|∇A|2 ≤ −2|∇2A|2 + cn|A|2|∇A|2.
Let w, z satisfy the evolution equations
∂
∂t
w = ∆w +W,
∂
∂t
z = ∆z + Z
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then we find
∂t
(w
z
)
= ∆
(w
z
)
+
2
z
〈
∇
(w
z
)
,∇z
〉
+
W
z
− w
z2
Z
= ∆
(w
z
)
+ 2
〈∇w,∇z〉
z2
− 2w|∇z|
2
z3
+
W
z
− w
z2
Z.
Furthermore for any function g, we have by Kato’s inequality〈∇g,∇|∇A|2〉 ≤ 2|∇g||∇2A||∇A|
≤ 1
g
|∇g|2|∇A|2 + g|∇2A|2.
We then get
−2
g
|∇2A|2 + 2
g
〈
∇g,∇
( |∇A|2
g
)〉
≤ −2
g
|∇2A|2 − 2
g3
|∇g|2|∇A|2 + 2
g2
〈∇g,∇|∇A|2〉 ≤ 0.
Then if we let w = |∇A|2 and z = g with W ≤ −2|∇2A|2 + cn|A|2|∇A|2 and Z ≥
2κn
n+2
3
|∇A|2 we get
∂
∂t
( |∇A|2
g
)
−∆
( |∇A|2
g
)
≤ 2
g
〈
∇g,∇
(|∇A|2
g
)〉
+
1
g
(−2|∇2A|2 + cn|A|2|∇A|2)
− 2κnn+ 2
3
|∇A|4
g2
≤ cn|A|2 |∇A|
2
g
− 2κnn + 2
3
|∇A|4
g2
.
We repeat the above computation with w = |∇A|
2
g
, z = g,
W ≤ cn|A|2 |∇A|
2
g
− 2κnn + 2
3
|∇A|4
g2
and Z ≥ 0 to get
∂
∂t
( |∇A|2
g2
)
−∆
( |∇A|2
g2
)
≤ 2
g
〈
∇g,∇
( |∇A|2
g2
)〉
+
1
g
(
cn|A|2 |∇A|
2
g
− 2κnn+ 2
3
|∇A|4
g2
)
.
The nonlinearity then is
|∇A|2
g2
(
cn − 2κn(n + 2)
3
|∇A|2
|A|2g
)
≤ |∇A|
2
g2
(
cn − 2κn(n+ 2)ε
3
|∇A|2
g2
)
.
By the maximum principle, there exists a constant (with η chosen sufficiently small so that
this estimate holds at the initial time) such that
|∇A|2
g2
≤ 3cn
2κn(n + 2)ε
.
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Therefore we see there exists a constant C = 3cn
2κn(n+2)ε
= C(n,M0) such that
|∇A|2
g2
≤ C.
By standard parabolic estimates, at the smooth time t0 =
1
4R2
, we get an upper bound of
the form
|∇A|2 ≤ m0
R4
.
Since g ≥ Cη
R2
, we get
|∇A|2
g2
≤ max
{
m0
C2η
,
3cn
2κn(n + 2)ε
}
.
Now in the case of mean curvature flow with surgeries, we have on an exact cylinder
|A|2 − 1
n− 1 |H|
2 = 0.
Therefore we can arrange for reasonable surgery parameters that
1
n− 2 |H|
2 − |A|2 ≥ 1
2
(
1
n− 2 −
1
n− 1
)
|H|2 = 1
(n− 1)(n− 2) |H|
2.
Therefore we have
g ≥ 1
(n− 1)(n− 2) |H|
2 = c2n|H|2.
Since on a standard cylinder the second fundamental form is parallel, |∇A|2 = 0, and
|H|2 = (n−1)2
R2
, we see that on a (ε, k)-neck with k ≥ 1, the quantity |∇A|2 is uniformly
very small with respect to |H|4. Therefore, with our choice of transition function ϕ in d)
and e) of the standard surgery (Definition 3.15), there is a fixed constant µ0 depending only
on n so that for any surgery parameters, we have the uniform estimate |∇A|2 ≤ µ0|H|4.
Therefore we get
|∇A|2
g2
≤ µ0
c2n
in the surgery region. Iterating this argument for every interval between two surgeries we
get
|∇A|2
g2
≤ max
{
µ0
c2n
,
m0
C2η
,
3cn
2κn(n + 2)ε
}
.
Therefore we has
g2 ≤ |H|4 + C(α, n)
R4
and the above estimate implies
|∇A|2 ≤ c(n)|A|4 + C(α, n)R−4.
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
Theorem 4.2. LetMt ∈ C(R, α) be a solution of the mean curvature flow with surgery and
normalised initial data. Then there exists constants γ3, γ4 depending only on the dimension,
pinching constant and α so that
|∇2A|2 ≤ γ3|A|6 + γ4
R4
.
for any t ≥ 1
4
R2.
Proof. We have the following evolution equation
∂t|∇2A|2 −∆|∇2A|2 ≤ −2|∇3A|2 + k1|A|2|∇2A|2 + k2|A||∇A|2|∇2A|
≤ −2|∇3A|2 +
(
k1 +
k2
2
)
|A|2|∇2A|2 + k2
2
|∇A|4.
We now consider the evolution equation of the term |∇
2A|2
|H|5 . Firstly we see
∂t|H|α ≥ ∆|H|α − α(α− 1)|H|α−2|∇H|2.
Therefore we get
∂t
|∇2A|2
|H|5 −∆
|∇2A|2
|H|5 ≤
1
|H|5
(
−2|∇3A|2 +
(
k1 +
k2
2
)
|A|2|∇2A|2 + k2
2
|∇A|4
)
+
20|H|3|∇2A|2|∇H|2
|H|10 +
2
|H|10
〈∇|H|5,∇|∇2A|2〉− 2|∇2A|2|H|15 |∇|H|5|2.
We have the terms
20|H|3|∇2A|2|∇H|2
|H|10 −
2|∇2A|2
|H|15 |∇|H|
5|2 ≤ 20|∇
2A|2|∇H|2
|H|7 −
50|∇2A|2|∇|H||2
|H|7
≤ 20|∇
2A|2|∇H|2
|H|7 .
and
2
|H|10
〈∇|H|5,∇|∇2A|2〉 = 10 〈∇|H|,∇|∇2A|2〉|H|6
≤ 1|H|5 |∇
3A|2 + 100|∇H|
2|∇2A|2
|H|7
Together with the gradient estimate, Theorem 4.1, this gives the following evolution equa-
tion
∂t
|∇2A|2
|H|5 −∆
|∇2A|2
|H|5 ≤ −
|∇3A|2
|H|5 + k3
|∇2A|2
|H|4 +
120|∇H|2|∇2A|2
|H|7 +
k2
2
|∇A|4
≤ −∇
3A|2
|H|5 + k4
|∇2A|2
|H|3 +
C1
R4
|∇2A|2
|H|7 +
k5|H|8 + C2R−8
|H|5
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Similar computations give us
∂t
|∇A|2
|H|3 −∆
|∇A|2
|H|3 ≤ −
|∇2A|2
|H|3 +
k6|H|8 + C3R−8
|H|5 ,
∂t
|∇A|2
|H|7 −∆
|∇A|2
|H|7 ≤ −
|∇2A|2
|H|7 +
k7|H|8 + C4R−8
|H|9 .
We now set
f =
|∇2A|2
|H|5 +N
|∇A|2
|H|3 +M
|∇A|2
|H|7 − κ
√
c|H| − |A|2
We have
∂tf −∆f ≤ k4 |∇
2A|2
|H|3 + k5|H|
3 +
C1
R4
|∇2A|2
|H|7 +
C2
|H|5R8
−N |∇
2A|2
|H|3 +Nk6|H|
3 +
NC3
|H|5R8
− M |∇
2A|2
|H|7R4 +
k7M
|H|R4 +
C4M
|H|R12 − κε0|H|
3.
Therefore we choose
N > k4, ε0κ > Nk6 + k5, M > C1.
Then we find, recalling |H| ≥ α1
R
,
∂tf −∆f ≤ C5
R3
which implies
max
Mt
f ≤ max
Mt0
f + C5
(t− t0)
R3
.
Since Mt is in C(R, α), we have at time t = 14R2 the estimate
f ≤
(
m1
α51
+
Nm0
α31
+
Mm0
α71
− κα1
)
R−1.
For surgery modified regions, since on an exact cylinder the second fundamental form is
parallel, there exist µ0, µ1 > 0 such that |∇A|2 ≤ µ0|H|4, |∇2A|2 ≤ µ1|H|6 with constants
µ0, µ1 each only depending on the surgery parameters. By choosing κ sufficiently large,
κ > n(Nk6 + k5) + µ1 +Nµ0,
we conclude that on a surgery region, we get
f ≤ (µ1 +Nµ0 − κ)|H|+Mµ0α−31 R−1 ≤ Mµ0α−31 R−1.
Given the bound on the maximal time of existence, we have
f ≤ C(n, α, µ0, µ1)R−1,
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which implies
|∇2A|2 ≤ c(n, µ0, µ1)|H|6 + C(n, α, µ0, µ1)|H|5R−1.

Higher order estimates on |∇mA| for m ≤ k0 follow by an analogous method (recall k0
is the surgery regularity parameter). Furthermore since we have the evolution equation
|∂tA| = |∆A + A ∗ A ∗ A| ≤ C|∇2A|2 + C|A|3 ≤ c1|A|3 + c2R−3.
Strictly speaking, this estimate does not hold at surgery times as the flow is not smooth
but the flow up to the surgery time and from the surgery time, so taking appropriate
limits from below and above, we recover the desired estimates. Hence with this convention
understood, we have the following higher order estimates,
Corollary 4.3. LetMt ∈ C(R, α) be a solution of the mean curvature flow with surgery and
normalised initial data. Then there exists constants γ′, γ′′ depending only on the dimension,
pinching constant and α so that
|∂ht ∇mA|2 ≤ γ′|A|4h+2m+2 + γ′′R−4h+2m+2
for all h,m ≥ 0 such that 2h+m ≥ k0.
As a special case of our estimates we get the following statement. This corollary will be
used extensively in the analysis of regions of high curvature. Note that a similar estimate
plays an important role in the Ricci flow with surgery, [31, Equation (1.3)].
Corollary 4.4. Let Mt be a solution to the mean curvature flow with surgeries. Then
there exists c#, H# > 0 such that for all p ∈M and t > 0 such that
|H(p, t)| ≥ H# =⇒ |∇H(p, t)| ≤ c#|H(p, t)|2, |∂tH(p, t)| ≤ c#|H(p, t)|3.
The following lemma allows us to compare the mean curvature at different points.
Lemma 4.5. Let F : Mn → Rn+m be an immersed submanifold. Suppose there exists
c#, H# such that
|∇H(p)|2 ≤ c#|H(p)|2
for all p ∈ M which satisfies the lower bound |H|(p) ≥ H#. Then if for some γ > 1,
p0 ∈M satisfies |H(p0)| ≥ γH#, we have
|H(q)| ≥ |H(p0)|
1 + c#d(p0, q)|H(p0)| ≥
|H(p0)|
γ
, ∀q | d(p0, q) ≤ γ − 1
c#
1
|H|(p0) .
Proof. This proof follows exactly as in [23] or [30].

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5. Neck Detection
We denote by g(t) the metric induced on M⊂ Rn+m at time t. Let Bg(t)(p, r) ⊂ M be
the intrinsic closed ball of radius r > 0 about p ∈ M with respect to the metric g(t). In
addition if t, θ are given such that 0 ≤ t − θ < t ≤ T0, we define a (backward) parabolic
neighbourhood of (p, t) by
P(p, t, r, θ) = {(q, s) | q ∈ Bg(s)(p, r), s ∈ [t− θ, t]} .(5.1)
Furthermore, we also will consider normalised (backward) parabolic neighbourhood of
(p, t), defined as
rˆ(p, t) ≡ n− 1|H(p, t)| , Pˆ(p, t, L, θ) ≡ P(p, t, rˆ(p, t)L, rˆ(p, t)
2θ).
Note the above parabolic neighbourhood is defined only for smooth mean curvature flow.
We now extend the above definition for mean curvature with surgery. In order to achieve
this, we consider a family of flows F i :Mi× [Ti−1, Ti]→ Rn+1 where T0 and 0 < T1 < T2 <
· · · are surgery times. For a flow with surgeries, we define Bg(t)(p, r) as in the smooth case.
The neighbourhood Bg(t)(p, r) belongs to the manifold Mi corresponding to the interval
[Ti−1, Ti] containing t. For surgery times Ti, as the flow is not continuous across Ti, we will
write g(t−) for limits from the left and g(t+) for limits from the right. Furthermore, we
will use the convention that g(t) = g(t−), that is our flow will be continuous from the left.
Now, for mean curvature flow with surgeries, since the flow is not continuous across
surgery times, the parabolic neighbourhoods P(p, t, r, θ) may not be well defined if there
are surgeries between t− θ and t.
Definition 5.1. Let F i : Mi × [Ti−1, Ti] → Rn+m, i = 1, 2, . . . be a mean curvature flow
with surgeries. For (p, t) ∈ Mi × [Ti−1, Ti] for some i, let θ ∈ (0, t] and r > 0 we say
Bg(t)(p, r) is unchanged by surgery in the interval [t−θ, t] if there are no points of Bg(t)(p, r)
which belong to a region changed by surgery occurring at s ∈ (t − θ, t]. In this case,
the parabolic neighbourhood P(p, t, r, θ) is given by (5.1). Alternatively, we write that
P(p, t, r, θ) does not contain surgeries or is surgery free.
The above definition allows the presence of surgeries on the time interval (t−θ, t] provided
they are performed on parts of the submanifold disjoint from our domain Bg(t)(p, r). In this
case Bg(t)(p, r) is a subset of different Mi before and after the surgery times; the Bg(t)(p, r)
are unchanged by surgery and can be considered as a fixed domain in the time interval
[t−θ, t]. Also we allow Bg(t)(p, r) to be changed by surgery at the initial time t−θ; in which
case at time t−θ we considerMt−θ+ after the surgery. Hence the parabolic neighbourhood
does not keep track of the surgery at the initial time. It is well known that estimates such
as above give local Harnack estimates, that is local control on the size of the curvature in
a neighbourhood of a given point.
Lemma 5.2. Let c#, H# be constants of Lemma 4.5. We define d# = 1
8(n−1)2c# . Then we
have the following;
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(1) Let (p, t) satisfy the inequality |H(p, t)| ≥ H#. Then if Pˆ (p, t, r, θ) is surgery free
for any given r, θ ∈ (0, d#] then
|H(p, t)|
2
≤ |H(q, s)| ≤ 2|H(p, t)|
for all (q, s) ∈ Pˆ(p, t, r, θ).
(2) Suppose that the regions modified by surgery satisfy |H| ≥ K for some K ≥ H# for
any time less than t. If (p, t) satisfies |H(p, t)| ≥ K then
P
(
p, t,
1
8c#K
,
1
8c#K2
)
does not contain surgeries. In particular, Pˆ (p, t, d#, d#) does not contain surgeries
and all points (q, s) ∈ Pˆ (p, t, d#, d#) satisfy
|H(p, t)|
2
≤ |H(q, s)| ≤ 2|H(p, t)|.
As the curvature flow is a one-parameter family of submanifolds, we now introduce time
dependent versions of curvature and geometric necks. Therefore, consider for s ≤ 0 the
function
ρ(r, s) =
√
r2 − 2(n− 1)s(5.2)
where ρ(r, s) is the radius at time s of a standard n-dimensional cylinder which evolves
by mean curvature flow and has radius r at time s = 0. Let us denote that if d# is the
constant that appears in Lemma 5.2 then we have
r ≤ ρ(r, s) ≤ 2r, ∀s ∈ [−d#, 0]
otherwise we would have a standard cylinder by Lemma 5.2 (2).
Definition 5.3. We say a point (p0, t0) lies at the center of an (ε, k, L, θ)-shrinking neck
if after setting r0 = rˆ0(p0, t0) and B0 = Bg(t0)(p0, r0L) the following property holds
(1) the parabolic neighbourhood Pˆ(p0, t0, L, θ) does not contain surgeries;
(2) for every t ∈ [t0, r20θ+, t0] the region B0 with respect to the scaled immersion ρ(r0, t−
t0)
−1F (·, t) is ε-cylindrical and (ε, k)-parallel at every point.
Remark 5.4. (1) Since we allow t0− r20θ to be a surgery time, the notation t0− r20θ+
means the limit from the right.
(2) The definition above says at any point of the parabolic neighbourhood P(p0, t0, r0L, r20θ)
the Weingarten map of the submanifold and its spatial derivatives up to order k are
ε-close to the corresponding ones of the standard shrinking cylinder. Furthermore,
using the evolution equations for the Weingarten map, ∂t∇lW we can show the
derivatives in time are ε-close for 2i+ l ≤ k up to order O(ε).
Recall that we will use mean curvature flow with surgery to define a flow beyond the
singular time. In order to achieve this, we need to show the submanifold develops necks in
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high curvature regions as we approach the singular time. The following is the analogue of
Huisken-Sinestrari’s Neck Detection Lemma [23, Lemma 7.4].
Lemma 5.5 (Neck Detection Lemma). Let Mt, t ∈ [0, T ) be a mean curvature flow with
surgery in the class C(R, α). The for any ε, θ, L, k ≥ k0 ≥ 2 there exists η0 > 0, H0 > 0
such that the following hold : suppose that
(ND1)
|H(p0, t0)| ≥ H0, & |A|
2
|H|2 (p0, t0) ≥
1
n− 1 − η0,
(ND2) the neighbourhood Pˆ(p0, t0, L, θ) does not contain surgeries,
then
(1) the neighbourhood Pˆ(p0, t0, L, θ) is an (ε, k0− 1, L, θ) shrinking curvature neck and
(2) the neighbourhood Pˆ(p0, t0, L− 1, θ/2) is an (ε, k, L, θ2) shrinking curvature neck.
Proof. We proceed by a proof by contradiction. Hence there exists ε, L, θ such that the
conclusion of the theorem is not true. This implies there exists a sequence of mean curvature
flows {Mjt}j≥1 and a sequence of times {tj}j≥1 and points {pj}j≥1, pj ∈ Mjtj such that
for the space-time points {pj, tj}j≥1 at the image points Fj(pj , tj) ∈ Mjtj then as t →
Tmax, |H(pj, tj)| → ∞ and
|A|2(pj , tj)
|H|2(pj, tj) →
1
n− 1
but (pj , tj) does not lie at the centre of a
(
ε, k, L− 1, θ
2
)
neck. Note that |A|
2
|H|2 < cn ≤ 1n−2
so the gradient estimates apply.
We perform a parabolic rescaling of M¯kt in such a way that the norm of the mean
curvature at (pk, tk) becomes n − 1. That is, if Fk is the parameterisation of the original
flow Mkt , we let rˆk = n−1|H(pk,tk)| , and we denote the rescaled flow by Mkt and we define its
parameterisation as
F¯k(p, τ) =
1
rˆk
(Fk(p, rˆ
2
kτ + tk)− Fk(pk, tk)).
For simplicity, we choose for every flow a local co-ordinate system centered at pk. In these
co-ordinates we can write 0 instead of pk. The parabolic neighbourhoods Pk(pk, tk, rˆkL, rˆ2kθ)
in the original flow becomes P¯(0, 0, L, θ). By construction, each rescaled flow satisfies
F¯k(0, 0) = 0, |H¯k(0, 0)| = n− 1.
The gradient estimates give us uniform bounds on |A| and its derivatives up to any order
on a neighbourhood of the form P¯(0, 0, d, d) for a suitable d > 0. This gives us uniform
estimates in C∞ on F¯k. Hence we can apply Arzela-Ascoli and conclude that there exists
a subsequence that converges in C∞ to some limit flow which we denote by M˜∞τ . We now
analyse the limit flow M˜∞τ . Note that we have
A¯k(p, τ) = rˆkAk(p, rˆ
2
kτ + tk),
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so that
|A¯k(p, τ)|2
|Hk(p, τ)|2 =
|Ak(p, rˆ2kτ + tk)|2
|Hk(p, rˆ2kτ + tk)|2
but since rˆk → 0, tk → Tmax as k →∞ this implies
|A¯(p, τ)|2
|H¯(p, τ)|2 = limk→∞
|A¯k(p, τ)|2
|H¯k(p, τ)|2 ≤
1
n− 1
and
|A¯(0, 0)|2
|H¯(0, 0)|2 =
1
n− 1 .
Hence the flow M¯∞t has a space-time maximum for |A¯(p,τ)|
2
|H¯(p,τ)|2 at (0, 0). Since the evolution
equation for |A|
2
|H|2 is given by
∂t
( |A|2
|H|2
)
−∆
( |A|2
|H|2
)
=
2
|H|2
〈
∇|H|2,∇
( |A|2
|H|2
)〉
− 2|H|2
(
|∇A|2 − |A|
2
|H|2 |∇H|
2
)
+
2
|H|2
(
R1 − |A|
2
|H|2R2
)
.
Now we have
|∇H|2 ≤ 3
n+ 2
|∇A|2, |A|
2
|H|2 < cn ≤
1
n− 2
which gives
− 2|H|2
(
|∇A|2 − |A|
2
|H|2 |∇H|
2
)
≤ 0.
Furthermore if |A|
2
|H|2 = c < cn ≤ 1n−2 then
R1 − |A|
2
|H|2R2 = R1 − cR2 ≤ 0.
Hence the strong maximum principle applies to the evolution equation of |A|
2
|H|2 and shows
|A|2
|H|2 is constant. The evolution equation then shows that |∇A|2 = 0, that is the second
fundamental form is parallel and that |A−|2 = |
◦
A−|2 = 0, that is the submanifold is
codimension one. Finally this shows locally M = Sn−k × Rk, (see [26]). As |A|2|H|2 < 1n−2
we can only have Sn, Sn−1 × R which gives |A|2|H|2 (x) = 1n , 1n−1 for every (p, t) which is a
contradiction. The proof of (2) is similar. 
Remark 5.6. We note a variant of the above remark shows about a singularity, if we
rescale at the maximum of |A|
2
|H|2 , then a subsequence converges to either a sphere or a
cylinder.
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We note that the neck detection lemma shows in a region of high curvature, if region is
not spherically quadratically pinched then the submanifold is close to a portion of cylinder
of the form Sn−1 × R which lies in a Euclidean subspace Rn+1 ⊂ Rn+m. The key to this
argument is the gradient estimate, which implies a compactness theorem. In fact, using a
theorem of Naff [28], we can show any region which has sufficiently large mean curvature
must be close to a submanifold lying in a subspace of codimension one.
The following theorem is due to Naff.
Theorem 5.7 ([28, Theorem 1.1]). Suppose n ≥ 5. suppose Mt, t ∈ [0, T ) is a smooth,
compact n-dimensional solution to mean curvature flow in Rn+m such that |H| > 0, and
|A| < cn|H|2. Then there are constants σ = σ(n,M0) and C = C(n,M0) depending on n
and the initial submanifold M0 such that
|A−|2 ≤ C|H|2−σ
for all t ∈ [0, T ).
Using this theorem, together with a straightforward modification of the argument of
Lemma 5.5, we get
Lemma 5.8 (Hypersurface Detection Lemma). Let Mt, t ∈ [0, T ) be a mean curvature
flow with surgery in the class C(R, α). Let ε, θ, L, k ≥ k0 be given where k0 ≥ 2. Then
there exists a H ′0 > 0 with the following properties. Suppose that
|H(p0, t0)| ≥ H ′0,
then
(1) Pˆ(p0, t0, L, θ) is an (ε, k0 − 1, L, θ) almost hypersurface and
(2) Pˆ(p0, t0, L− 1, θ/2) is an (ε, k, L, θ2) is almost hypersurface.
We show that as a consequence of the Neck Detection Lemma that the point (p0, t0) lies
at the centre of a cylindrical immersion and at the centre of a normal submanifold neck.
We will investigate here the structure of the submanifold at the final time t0. We define
the length of a submanifold neck Sn−1 × [a, b]→ Rn+m equal to b− a. Defined in this way,
the length of a neck in invariant under scaling. In contrast, we define the distance between
points on the neck or manifold to be the distance with respect to the metric g(t). Therefore
the distance is not scale-invariant. We also define the term cylindrical submanifold of length
2L and Ck+2-norm less than ε to denote a region (after appropriate rescaling) is close in
norm to some standard immersion of a cylinder F : Sn−1 × [−L, L] → Rn+1 ⊂ Rn+m.
Similarly, the length of a cylindrical submanifold is invariant under scaling.
The following Corollary is an immediate consequence of the Neck Detection Lemma
Corollary 5.9 (cf [23, Corollary 7.7]). Given ε, θ > 0, L ≥ 10 and k > 0 integer, then
there exists η0, k0 > 0 such that if (p0, t0) satisfy the hypotheses (ND1) and (ND2) of the
Neck Detection Lemma (Lemma 5.5) then
(1) then there is cylindrical submanifold centred at (p0, t0) of length 2(L−2) and Ck+2-
norm less that ε,
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(2) and there is a normal (ε, k, L− 2, θ)-submanifold neck centred at (p0, t0).
The following few Lemmas are a consequence of the Neck Detection Lemma and have the
same proofs as in [23] with small modifications as we have a quadratic pinching condition
and high codimension. We state them for the sake of completeness. Before we state the
next lemma, let us make the following observation. Let C = Sn−1 × R be a standard
cylinder in Rn+m and let p0 ∈ C be a point on the xn+1 = 0, · · · , xn+k = 0 cross section.
Let BL ⊂ C be the set of points of C having intrinsic distance L from p0. Clearly B cannot
be written in the form Sn−1 × [a, b] for any a, b, however if L ≥ pi2+1
2
(that is sufficiently
large so that the ball passes the cut locus) we have
S
n−1 × [−(L− 1), L− 1] ⊂ BL ⊂ Sn−1 × [−L, L].
Hence, if L is large enough, the ball BL is close to the subcylinder of length 2L.
Lemma 5.10 (cf [23, Lemma 7.9]). Let L ≥ 10 and θ ≤ d# and denote as usual
r0 =
n− 1
H(p, t)
, B0 = Bg(t0)(p0, r0L).
Then in the Neck Detection Lemma (Lemma 5.5), η0, H0 can be chosen so that if t ∈
[t0 − θr20, t0], then there exists a (ε, k0 − 1)-submanifold neck Nt ⊂ B0 centred at (p0, t0)
which satisfies :
(i) For every cross section of Nt, the mean radius satisfies r(z) = ρ(r0, t− t0)(1+O(ε));
(ii) The length of Nt is at least L− 2;
(iii) There exists a unit vector ω ∈ Rn+m such that | 〈ν+(p, t), ω〉 | ≤ ε for any p ∈ Nt.
To apply the Neck Detection Lemma, we require the hypothesis (NDL2). The following
lemma ensures (NDL2) is a consequence of the other assumptions of the Neck Detection
Lemma (Lemma 5.5) if the curvature at (p0, t0) is fixed factor larger than the curvature in
regions previously changed by surgeries.
Lemma 5.11 (cf [23, Lemma 7.10] ). Consider a flow satisfying the assumptions of the
Neck Detection Lemma (Lemma 5.5). Let d# be the value given by Lemma 5.2 and consider
ε, k, l, θ with θ ≤ d#. Then there exists η0, H0 so that if (p0, t0) satisfies the bounds
|H(p0, t0)| ≥ max{H0, 5K}, & |A|
2
|H|2 (p0, t0) ≥
1
n− 1 − η0,
where K is the maximum of the curvature in the regions changed by surgeries at times
before t0. Then (p0, t0) satisfies (ND2) and hence the conclusions of the Neck Detection
Lemma, Lemma 5.5 are true, that is
(i) Pˆ(p0, t0, L, θ) is an (ε, k0 − 1, L, θ) is a shrinking curvature neck and
(ii) Pˆ(p0, t0, L− 1, θ/2) is an
(
ε, k, L, θ
2
)
is shrinking curvature neck.
Furthermore
P
(
p0, t0,
n− 1
|H(p0, t0)|L,
(n− 1)2
K2
d#
)
is surgery free. (Note that this set is strictly larger than the neighbourhood of (ND2).
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Proof. This proof is a consequence of the Neck Detection Lemma (Lemma 5.5) and hence
follows the proof of [23, Lemma 7.10]. 
The hypotheses of the above theorem ensure we can exclude surgeries in the parabolic
neighbourhood. If the hypotheses are not satisfied then we may not be able to exclude the
presence of surgeries.
Definition 5.12. We say that a parabolic neighbourhood Pˆ(p0, t0, r, τ) is adjacent to a
surgery region it it has not been changed by surgeries but there exists a p ∈ M such that
dg(t0)(p, p0) = r and which belongs to the boundary of a region changed by surgery at a
time s ∈ [t0 − τ, t0]. We say that a submanifold neck N ⊂M is bordered on one side by a
disc if one of the two components of ∂N is also the boundary of a closed domain D ⊂M
which is diffeomorphic to a disc and has no interior points in common with N .
In the next result we assume our flow with surgeries satisfies certain properties, these
properties will in fact be consequences of the surgery algorithm defined in the next section:
(s1) There exists a K∗ > 2H#, where H# is the constant that appears in Corollary 4.4
such that each surgery is performed at Σz0 which is the cross section of a normal
neck with r(z0) = r
∗ = n−1
K∗
. Hence the surgeries take place in a region where the
curvature is approximately K∗.
(s2) The portions of the normal neck have the following two properties
(a) One part belongs to a component that will be discarded after surgery,
(b) In the other part, the portion that is unchanged by surgery has the follow-
ing structure: on the first cross section (which borders the region changed by
surgery) the mean radius satisfies r(z) ≤ 11
10
r∗, the final section r(z) ≥ 2r∗ and
an intermediate section between the two where r∗ ≤ r(z) ≤ 2r∗.
(s3) Each surgery removes a region of the submanifold with curvature greater than
10K∗. That is, if we consider the surgeries performed at any surgery time, there is
a component that is discarded afterwards which contains a point p with curvature
satisfying |H(p, t)| ≥ 10K∗. The surgery disconnects this point from the rest of the
submanifold.
Remark 5.13.
• Property (s1) implies points modified by surgery satisfy K∗
2
≤ |H(p, t)| ≤ 2K∗ after
surgery. Furthermore, the estimate r(z) ≤ 11
10
r∗ in (s2) is in fact implied by (s1).
• (s2) means that the surgeries are not in fact performed at the end of the necks but
are instead performed at a fixed distance so that there is a final unmodified part
remaining where the radius doubles. The presence of a long part of the neck is a
useful technical device which we will use in the proof of the following Lemma.
• Property (s3) shows surgery reduces the maximum of the mean curvature. However
by (s1), the surgery procedure itself does not remove the high curvature regions as
the surgery procedure modifies the parts that have curvature approximately K∗.
Rather the regions of high curvature become disconnected after the surgery and are
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removed because they have known topology. In this sense, surgery is not a purely
topological procedure but an analytical method to reduce the curvature.
As we have seen, the hypothesis (ND2) is essential in applying the Neck Detection
Lemma. However, we can not always guarantee that we have a surgery free region. In this
case, the following Lemma tells us since we have good estimates arising from the surgery
procedure, we can topologically recognise the region and still control the maximum of the
mean curvature.
Lemma 5.14. Consider a mean curvature flow with surgeries in C(r, α) that is cylindri-
cally bounded. Furthermore, supose that (s1)-(s3) above hold. Let L, θ > 0 so that θ ≤ d#
where d# is as in Lemma 5.2 and L ≥ 20. There there exists η0, H0 such that the following
hold:
(a) Let (p0, t0) satisfy the hypptheses (ND1) and (ND2) of the Neck Detection Lemma,
Lemma 5.5,
(b) The parabolic neighbourhood Pˆ(p0, t0, L, θ) is adjacent to a surgery region.
Then (p0, t0) lies at the centre of a submanifold neck N of length at least L−3, which
is bordered on one side by a disc D. And at time t0 we have the bounds
|H(q, t0)| ≤ 5K∗ q ∈ N ∪ D,
where K∗ is the constant from (s1).
Proof. This proof follows the proof of Proposition 7.12 in [23] which essentially uses the
Neck Detection Lemma.

The following theorem and proposition are independent of mean curvature flow and
concern the compactness of manifolds (and submanifolds) subject to a curvature inequality.
Theorem 5.15 (Bonnet-Myers, Hopf-Rinow). Let M be a complete Riemannian manifold
and suppose that p ∈ M such that the sectional curvature satisfies K > Kmin along all
geodesics of length pi
Kmin
from p or equivalently K > Kmin in a neighbourhood d(p, q) ≤
pi√
Kmin
.
Proposition 5.16 (B.Y Chen [10]). For n ≥ 2 if Mn is a submanifold of Rn+m then at
every p ∈Mn,
Kmin ≥ 1
2
(
1
n− 1 |H(p)|
2 − |A(p)|2
)
.
The following theorem shows either the submanifold is compact or there exists a neck
region.
Theorem 5.17. Let F : M → Rn+m, be a smooth connected immersed submanifold.
Suppose that there exists c#, H# > 0 such that |∇H(p)| ≤ c#|H(p)|2 for all p ∈ M where
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|H(p)| ≥ H#. Then ∀η0 > 0 there exists α0 = α0(c#, η0), γ0 = γ0(c#, η0), if p ∈M satisfies
|A|2
|H|2 (p) <
1
n− 1 − η0, |H(p)| ≥ γ0H
#.
then either M is closed with
|A|2
|H|2 <
1
n− 1 − η0 everywhere
or there exists a q ∈ M such that
(1)
|A|2
|H|2 (q) ≥
1
n− 1 − η0
(2)
d(p, q) ≤ α0|H(p)|
(3)
|H(q′)| ≥ |H(p)|
γ0
, ∀q′ ∈M | d(p, q′) ≤ α0|H(p)|
in particular |H(q)| ≥ |H(p)|
γ0
.
Proof. Given α0, we set γ0 = 1 + c
#α0. Then for a given p ∈M, we let
Mp,α0 =
{
q ∈M | d(p, q) ≤ α0|H(p)|
}
.
Then we have that if |H(p)| ≥ γ0H#, then
|H(q)| ≥ |H(p)|
1 + c#d(p, q)|H(p)| ≥
|H(p)|
γ0
.
We show if α0 is sufficiently large then this implies M is compact. Suppose that we have
|A|2
|H|2 (q) <
1
n− 1 − η0, ∀q ∈ Mq,α0.
We have on Mq,α0
Kmin ≥ 1
2
(
1
n− 1 |H(p)|
2 − |A(p)|2
)
≥ 1
2
η0|H(p)|2 ≥ η0
2
H2min > 0.
Applying the above lemma, if we choose α0 =
√
2pi√
η0
then we have
Kmin > 0 in a neighbourhood d(p, q) ≤ α0|H(p)| ≤
π
Kmin
which shows M is compact. 
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The following corollary shows that before the first singular time either a cylindrical neck
exists or the flow becomes spherically pinched.
Corollary 5.18. Let Mt be a smooth mean curvature flow of a closed submanifold with
|A|2 ≤ cn|H|2. Given neck parameters ε, k, L there exists H∗ depending on the initial
data such that supp∈Mt0 |H|(p, t0) ≥ H∗ then the submanifold at time t0 either contains an
(ε, k, L)-cylindrical neck or is spherically pinched, that is
|A|2 − 1
n− 1 |H|
2 < 0.
Finally we have the following results on the structure of the submanifold as we leave a
neck region. Since in regions of high curvature, we know that we are quantitatively close
to a hypersurface over the entire region, the proof follows that of [23, Lemma 7.19]. Let
N be an (ε, k) submanifold neck with axis ω. We define the trajectories{
d
dt
γ = ω
T
|ωT |2 for y ≥ 0,
γ(0) = p.
Corollary 5.19 ([23]). Let N be an (ε, k) submanifold neck with axis ω and let c#, H# be
as in Lemma 4.5 and let us set Θ = 1+(2+π)(n−1)c#. Let us define the trajectories γ(p, y).
Suppose that for some 0 ≤ y1 < y2 < ymax we have |A|2(γ(p, y))− 1n−1 |H|2(γ(p, y)) < 0 for
all y ∈ [y1, y2], p ∈ Γ0 and that ω(0) · ν+(p) ≥ 0 for all p ∈ Σy1 . Suppose that Σy1 has a
diameter equal to 2(n−1)
K
for some K ≥ ΘH# and that |H(p)| ≥ K for all p ∈ Σy1. Then
we have that
|H(γ(p, y))| ≥ K
Θ
, ∀y ∈ [y1, y2], p ∈ Σ0.
6. The Flow with Surgeries
This section will be devoted to the proof of the following result :
Theorem 6.1. Let M0 ∈ C(R, α) be a smooth closed cylindrically bounded submanifold
immersed in Rn+m, that it satisfies (1.5) with n ≥ 5 and satisfies |A|2 ≤ R−2. Then there
exists constants H1 < H2 < H3 and a mean curvature flow with surgeries starting from
M0 with the following properties
• each surgery occurs at a time Ti such that max |H(·, Ti−)| = H3
• after each surgery, the curvature drops by a finite amount, that is all the components
of the manifold satisfy max |H(·, Ti+)| ≤ H2. We note that after surgery there are
components that are diffeomorphic to spheres or to Sn−1 × S1 with larger curvature
but these are discarded afterwards.
• each surgery on a normal submanifold neck starts at a cross section where mean
radius satisfies r(z0) =
(n−1)
H1• the mean curvature flow with surgery is terminated after finitely many steps.
The constants Hi are arbitrary except that they satisfy H1 ≥ ω1R−1, H2 = ω2H1 and
H3 = ω3H2 with ωi > 1 depending only on the parameters αi.
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We note that since we have the gradient estimates and consequently the neck detection
lemma, the proof now closely follows that of [23] except that we replace conditions on the
first eigenvalue λ1.
Choice of Parameters
(P0) Choice of Neck Parameters: In the previous sections, we have defined a surgery
procedure on (ε0, k0)-submanifold necks in normal form of length L, where ε0 must
be suitably small (but depending only on the dimension), k0 ≥ 2 is any integer
and L ≥ 10 + 8Λ, where Λ is the length parameter in the surgery. We also assume
L ≥ 20+8Λ and that ε0 is small enough so that if N is a normal (ε0, 1)-submanifold
neck of length 2L then the mean curvature at any two points of N can differ by a
factor at most 2.
(P1) We define c#, H# as in Corollary 4.4, and d# as Lemma 5.2.
(P2) First Application of Neck Detection Lemma: We choose η0, K0 such that if (p, t0)
satisfies
|H(p, t0)| ≥ K0, |A|2(p, t0)− 1
n− 1 |H(p, t0)|
2 ≤ −η0|H(p, t0)|2,(6.1)
and if Pˆ(p, t0, L′, θ′) does not contain surgeries for some L′ ∈ [L/4, L], θ′ ∈ [d#/1400, d#]
then Pˆ(p, t0, L′, θ′) is a shrinking neck and (p, t0) lies at the centre of a normal
(ε0, k0)-submanifold neck of length at least 2L
′ − 2. We also require that if η0, K0
are such that if (p, t0) satisfy (6.1) th and in addition |H(p, t0)| ≥ 5K where K is
the maximum of the mean curvature in the regions inserted by the surgeries then
the conclusions of Lemma 5.11 apply. Finally we also require that η0, K0 are such
that Proposition 5.14 can be applied to the parabolic neighbourhood Pˆ(p, t0, L′, θ′)
for the values of θ′, L′ chosen above.
(P3) Second Application of Neck Detection Lemma: Next, we set ε1 =
(n−1)η0
2
. We apply
Corollary 5.9 to find η1, K1 such that if (p, t0) satisifies
|H(p, t0)| ≥ K1, |A(p, t0)|2 − 1
n− 1 |H(p, t0)|
2 ≤ −η1|H(p, t0)|2(6.2)
and the parabolic neighbourhood Pˆ(p, t0, 10, d#/1400) does not contain surgeries,
then (p, t0) lies at the centre of a cylindrical submanifold of length 5 and C
1 norm
less that ε1. We will choose η1, K1 such that K1 ≥ K0, K1 ≥ H# and η1 ≤ η0.
(P4) Application of the Pinching Theorem 5.17: Now we choose γ0 such that |H(p, t0)| >
γ0H
# and |A(p, t0)|2 − 1n−1 |H(p, t0|2 ≤ −η1|H(p, t0)|2 then either
• |A|2 − 1
n−1 |H|2 ≤ η1|H|2 everywhere on Mt0 or• there exists a q such that
|A(q, t0)|2 − 1
n− 1 |H(q, t0)|
2 ≥ −η1|H(q, t0)|2
and
• |H(q′, t0)| ≥ |H(p, t0)|/γ0 for all q′ with dg(t0)(q′, p) ≤ dg(t0)(q, p).
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(P5) Third Application of the Neck Detection Lemma; Let us set θ2 = (10
4n3Θ2γ20)
−1.
Then let us chooseK2, η2 such that if |H(p, t0)| ≥ K2 and if |A(p, t0)|2− 1n−1 |H(p, t0)|2 ≥
η2|H(p, t0)|2 and if Pˆ(p, t0, 10, θ2) does not contain surgeries then (p, t0) lies on a
cylindrical submanifold of length 5 and C1 norm length less than ε1. We also require
that K2 ≥ K1.
(P6) We finally define H1 to be any value such that H1 ≥ 4ΘK2 and then define H2, H3
by
H2 = 10γ0H1, H3 = 10H2.
To fix H1 and hence the other Hi we choose H1 = 4ΘK2, but in principle we can
choose Hi to be arbitrarily large.
Remark 6.2. An interesting question is what happens if allow Hi → ∞. In the papers,
[25] and [19], it was shown that the as the surgery parameters approach infinity, the mean
curvature flow with surgery approaches the level set flow.
All parameters introduced above depend only on the parameters α,R describing the
initial submanifold. More precisely, the curvature parameters Hi, Ki, H
# can be written as
constants depending only in α multiplied by R−1, while the remaining parameters depend
only on α.
Note that in principle, surgery times may in fact accumulate, that is there is no uniform
bound on the time separating successive applications of the surgery procedure. Therefore,
we will construct our surgery algorithm so that the following properties are satisfied
(S) Each surgery is performed on a normal (ε0, k0)-submanifold neck. The surgeries
are performed at times Ti such that max |H(·, Ti)| = H3. After the surgeries are
performed at times Ti and suitable components whose topology is known are re-
moved, we have max |H(·, Ti+)| ≤ H2. In addition, all surgeries satisfy properties
(s1)− (s3) with K∗ = H1.
Note that property (S) implies the difference between two consecutive surgery times
satisfies the uniform lower bound
Tk+1 − Tk ≥ 10
2 − 1
102
1
2nH22
>
49
104nγ20H
2
1
.
The crucial step in the proof of Theorem 6.1 is the next result which is known as
the Neck Continuation Theorem. It essentially states that the neck given by the Neck
Detection Lemma can be continued until either the submanifold ends in a spherical cap or
the curvature decreases by a certain amount. The key point here is that if the curvature
is sufficiently large, then we know by some estimates of Naff, that the second fundamental
form in the directions normal to the mean curvature vector are close to zero. This in
turn shows the submanifold is nearly codimension one with a normal frame that has small
torsion.
Theorem 6.3 (Neck Continuation, cf [23, Theorem 8.2]). Suppose that Mt, t ∈ [0, t0] is a
mean curvature flow with surgeries satisfying property (S) and let maxMt0 |H| ≥ H3. Let
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p0 be a point where
|H(p0, t0)| ≥ 10H1, |A|2(p0, t0)− 1
n− 1 |H(p0, t0)|
2 ≥ −η1|H(p0, t0)|2(6.3)
where η1, H1 are surgery parameters defined in (P0)-(P6). Then (p0, t0) lies on some
(ε0, k0)-submanifold neck N0 in normal form (with (ε0, k0) defined in (P0)) which either
covers the whole component of Mt0 including p0 or has a boundary consisting of two com-
ponents Σ1,Σ2 each of which satisfies one of the following properties
i) the mean radius of Σ is 2(n−1)
H1
or
ii) the cross section Σ is the boundary of a region D diffeomorphic to a disc where the
curvature is at least H1/Θ. The region D lies “after” the cross section Σ that is disjoint
from N0.
Proof. Let us take p0 such that (6.3) is satisfied. Then from our definitions we have the
following bounds
|H(p0, t0)| ≥ 10K1 ≥ 10K0, |A|2(p0, t0)− 1
n− 1 |H(p0, t0)|
2 ≥ −η1|H(p0, t0)|2 ≥ −η0|H(p0, t0)|2.
Hence at (p0, t0) we can apply neck detection at two scales: the “finer” ε1-level and the
“coarser” ε0-level.
Let us begin our analysis at the “coarser” ε0 level. Our procedure performs surgeries
on neck regions where the curvature is close to H1 so K = 2H1 is a bound from above
for the regions modified by surgery. We then apply Lemma 5.11 to ensure the parabolic
neighbourhood Pˆ(p0, t0, L, d#) does not contain surgeries and the point (p0, t0) lies at the
centre of a normal (ε0, k0)-submanifold neck of length at least 2L − 2. We then consider
the maximal neck N0-submanifold neck that contains p0. If N0 is the entire manifold then
we are done. If not, then we must follow our neck parameter z in both directions from p0
until we find cross sections of N0 that satisfy either i) of ii) of the theorem.
To this end, let us normalise our neck parameter so that p0 lies in the z = 0 cross-section
of the neck. In the following, we follow the neck in the increasing z direction. A similar
analysis will prove the same conclusion in the decreasing z direction.
If there is a cross section with r(z) = 2(n−1)
H1
, then we are done. Therefore suppose not,
that is there is no such cross section, that is every section satisfies r(z) < 2(n−1)
H1
, z ∈ [0, zmax]
for zmax is the last value of the cross section of the neck. This implies |H| > H14 along the
neck. We need to show alternative ii) holds in this case, that is the neck is bordered by a
disc.
The strategy of the proof follows [23, Theorem 8.2]. The neck detection lemma ensures
the neck N0 can be continued as long as then there exists points satisfying the following
(i) the curvature |H| is large,
(ii) the quantity |A|
2
|H|2 − 1n−1 is small and negative,
(iii) a suitable parabolic neighbourhood of the point is surgery free.
Now since the neck N0 must end, one of these three properties must be violated. The
first one is ensured by the inequality |H| > H1
4
hence it must one of the other two. If (ii) is
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violated, then the neck closes up and ends in a spherically quadratically pinched neck. On
the other hand if (iii) is pinched, then we can show the neck is bordered by a cap inserted
by a previous surgery.
We define neck continuable points, that is points where we can apply the neck detection
lemma. Let Ω be the set of neck continuable points where p ∈ Ω if
(Ω1) |A|2(p, t0)− 1n−1 |H|2(p, t0) ≥ −η0|H|2(p, t0)|
(Ω2) the parabolic neighbourhood,
P
(
p, t0,
n− 1
|H(p, t0) ,
(n− 1)2
(10H1)2
d#
)
does not contain surgeries.
We will show the points of Ω satisfy the hypotheses of the neck detection lemma hence the
neck can be continued as long as it contains points of Ω. Hence it follows, since the neck
N0 ends, the last part of N0 does not contain any points one Ω.
Let p be a point that satisfies (Ω1) but not (Ω2) then by Lemma 5.11, we see |H(p, t0)| <
10H1. It follows that p0 ∈ Ω. Let us now follow the neck from p0 in the direction of
increasing z. Such points p ∈ N0 satisfy |H(p, t0)| ≥ H14 . Therefore, we have
(n− 1)2
(40)2|H(p, t0)|2 ≤
(n− 1)2
(10H1)2
which implies
Pˆ(p, t0, L, d#/402) ⊂ P
(
p, t0,
n− 1
|H(p, t0)|L,
(n− 1)2
10H1)2
d#
)
.
Therefore we have from surgery property (P2) that any p ∈ Ω lies at the centre of a normal
(ε0, k0)-submanifold neck of length 2L−2. Thus, since the neck ends when z = zmax, there
must be an end section of the neck that does not contain points of Ω, that is there are
points p for which z ∈ (zmax − (L− 1), zmax] and p 6∈ Ω.
Hence we can consider the “final point” of Ω, that is let z∗ be the maximal value of z
such that the cross section N0 with coordinate z∗ contains a point p1 ∈ Ω while there are
no points of Ω for z ∈ (z∗, z∗ + 10).
We now consider two cases
(a) There is at least one point p2 with z ∈ (z∗, z∗ + 10) which satisfies (Ω1),
(b) All points with z ∈ (z∗, z∗ + 10) do not satisfy (Ω1), that is
|A|2(p, t0)− 1
n− 1 |H|
2(p, t0) ≤ −η0|H|2(p, t0)|
We start with case (a). This means that there are points that do not satisfy (Ω2), that
is points that have been modified by surgery. Hence we can apply Proposition 5.14. Hence
we need to show the hypotheses of that proposition are satisfied:
Firstly, we see p2 does not satisfy (Ω2), that is the parabolic neighbourhood
P
(
p2, t0,
n− 1
|H(p2, t0)|L,
(n− 1)2
(10H1)2
d#
)
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has been modified by surgery. Surgery property (P0) shows the curvature varies by at most
a factor of two in the surgery modified region in the neck between p1 and p2. Therefore,
we have
|H(p2, t0)| ≥ 1
2
|H(p1, t0)|,
dg(t0)(p1, p2) < 2(π + 10)
n− 1
|H(p2, t0)| <
(n− 1)L
4|H(p2, t0)| .
This implies
P
(
p2, r0,
n− 1
|H(p2, t0)|
L
4
,
(n− 1)2
(10H1)2
d#
)
⊂ P
(
p1, t0,
n− 1
|H(p1, t0)|L,
(n− 1)2
(10H1)2
d#
)
.
As p1 ∈ Ω, the neighbourhood at the right hand side does not contain surgeries and hence
neither does the left hand side. By continuity, there exists a L′ ∈ [L/4, L] so that
P
(
p2, t0,
n− 1
|H(p2, t0)|L
′,
(n− 1)2
(10H1)2
d#
)
does not contain surgeries but is adjacent to a surgery on the side of increasing z. We let
θ′ =
|H(p2, t0)|2
(10H1)2
d#
then the neighbourhood may be written as Pˆ(p2, t0, L′, θ′). Since H1/4 ≤ |H(p2, t0)| ≤
10H1 we have d
#/402 ≤ θ′ ≤ d#. Therefore by surgery property (P2), we can apply
Proposition 5.14, to conclude that (p2, t0) lies in a submanifold neck N that is bordered
on one side by a disc D. Furthermore Proposition 5.14 also shows the mean curvature on
N ∪ D satisfies |H| < 10H1. Hence the submanifold neck N maybe combined with N0 to
form a unique neck. Finally the side bordered by D must be in the direction of increasing
z: otherwise N would include all the neck N0 and this can not happen because N0 contains
the point p0 which satisfies |H(p0, t0)| ≥ 10H1. This concludes the proof in case (a).
We now consider case (b). We can assume all points in N0 with (z∗, z∗ + 10) satisfy
|A|2(p, t0)− 1
n− 1 |H|
2(p, t0) ≤ −η0|H|2(p, t0)|.
We will show this quadratic spherical pinching condition ensures the neck will start to close
up and end in a spherical cap. In order to analyse the end of the neck : let z ∈ [0, z∗]
be the largest value of z such that the corresponding cross section contains a point q that
satisfies
|A|2(q)− 1
n− 1 |H|
2(q) > −η1|H|2(q).
We claim that the parabolic neighbourhood Pˆ
(
q, t0, 10,
d#
1600
)
does not contain surgeries.
In fact from our definition, there is a point q ∈ Ω with z co-ordinate in [z − 10, z]. Then
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it is easy to check
Pˆ
(
q, t0, 10,
d#
1600
)
⊂ P
(
q, t0,
n− 1
|H|(q, t0)L,
(n− 1)2
(10H1)2
d#
)
which does not contain surgeries by definition of Ω. Hence we know that from (P3) that
these exists a region G ⊂ N0 centered at q which is C1 close in norm to a standard
embedding of a cylinder with norm less that ε1.
We let ω be a unit vector parallel to the axis of our cylinder G. We assume G is parallel
to the y-axis and that we set y = xn+1 to denote the (n+1) co-ordinate. Let us normalise
y so that F (q, t0) lies on the {y = 0, xn+2 = 0, · · · , xn+k = 0} subspace. We call the Σ0
the intersection of this subspace and G. For any p ∈ Σ0 we consider the curve y 7→ γ(y, p)
which solves
d
dt
γ =
ωT
|ωT |2 for y ≥ 0.
We let ymax denote the supremum of values for which γ(y, p) is defined for all p ∈ Σ0. We
set Σy = {γ(y, p) : p ∈ Σ0} for 0 ≤ y < ymax. In addition given 0 ≤ y1 < y2 < ymax, we set
Σ(y1, y2) =
⋃
{Σy : y1 ≤ y ≤ y2}.
Let us donote by N ′0 the part of N0 corresponding to z ∈ [z, z∗ + 10]. The z = z cross
section contains the point q and so it is very close to Σ0. By definition of z we have
|A|2 − 1
n− 1 |H|
2 ≤ −η0|H|2| < 0
and hence the region N ′0 is a quadratically spherically pinched region. Furthermore the axis
of N ′0 is approximately ω everywhere. In addition, the trajectories γ are defined as long as
they remain within N ′0. Hence there exists a least value y′ < ymax such that γ(y′, p) ∈ ∂N ′0
for some p ∈ Σ0. By construction we see |ν+(p) ·ω| < ε1 for all p ∈ Σ0 since Σ0 is contained
in the cylindrical submanifold G. Now on the cylindrical submanifold, we have along the
curves γ
d
dy
〈ν+, ω〉 > 0.
and in particular we have ν+(p) · ω ≥ −ε1 for all p ∈ Σ(0, y′). Now we use the property
that |A|2 − 1
n−1 |H|2 ≤ −η0|H|2 on the cross sections corresponding to z ∈ [z∗, z∗ + 10].
Let us set r∗ = r(z∗) to denote the mean radius of the z∗ section and let H∗ = n−1
r∗
. By
assumption H∗ = H1
2
, and since the neck is close to ω the y co-ordinate is almost on each
section. Thus the y co-ordinates on the z = z∗ section and on the z = z∗ + 10 section
differ by approximately 1 − r∗. It follows that at least the points of Σ(y′ − 4r∗, y′) have
a z co-ordinate such that z ∈ [z∗, z∗ + 10]. Since |H| varies slowly on a neck we have
|H| ≥ H∗/2 on Σ(y′ − 5r∗, y′). Along the curve γ we have of y ∈ [y′ − 5r∗, y′]
d
dy
〈ν+, ω〉 =
n∑
i=1
〈γ′, ei〉hj,+i 〈ej , ω〉
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+
n∑
i=1
k∑
β=2
T βi+〈νβ, ω〉〈γ′, ei〉
≥ η0H
∗
2
.
Hence for any p′ ∈ Σy′ that is p = γ(y′, p) for some p ∈ Σ0, we have
〈ν+(p), ω〉 = 〈ν(γ(y′ − 5r∗, p), ω〉+
∫ y′
y′−5r∗
d
dy
〈ν+, ω〉dy
≥ −ε1 + 5r∗η0H
∗
2
≥ −4ε1.
We now show our neck region ends in a spherically pinched cap region. Roughly speaking,
this means that the region that lies past y′ has the structure of a cap. In order to show this,
we follow the trajectories of the curves γ(p, y) for y > y′. The region swept out by these
curves is generally non longer neck-like as y grows. However, the curves are well defined
until some maximal value ymax. Such a value exists since our submanifold is compact. In
order to analyse the post-neck region, we will show for y ∈ [y′, ymax) the following holds
a) |ν+ · ω| < 1,
b) |A|2 − 1
n−1 |H|2 < −η|H|2,
c) |H| > H+1
4Θ
,
d) ν+ · ω > ε1.
Now property a) holds for all y ∈ [y′, ymax) by construction. Furthermore if any of the
inequalities fails, then there is a first y# ∈ (y′, ymax) such that either b), c) or d) becomes
an equality. Let us assume b) fails, that is there exists p# ∈ Σy# such that(
|A|2 − 1
n− 1 |H|
2
)
(p#) ≤ −η|H|2(p#).
Then from our surgery construction, we have
θ2
(n− 1)2
|H(p#, t0)|2 ≤ θ2
16(n− 1)2Θ2
H21
<
16
104nγ20H1
.
The waiting time estimate for the surgeries then ensures the parabolic neighbourhood
Pˆ (p#, t0.10, θ2) is surgery free. Therefore by the Neck Detection Lemma, part of the
submanifold must be close to a standard embedding of a round cylinder with error in C1
norm less than ε1. Let ω˜ be the axis of this cylinder and ω˜ 6= ω otherwise this would
contradict d). In any case let v = ω − 〈ω, ω˜〉ω˜. By construction v is orthogonal to ω˜ and
|v|2 = 1 − 〈ω, ω˜〉2. Therefore, there exists a q# close to p# such that
∣∣∣v(q#) + v|v| ∣∣∣ ≤ ε1.
But we also have
4ε1 < v(q
#) · ω =
(
v(q#) +
v
|v|
)
· ω − v|v|
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≤ ε1 − 1|v|
(〈ω, ω〉 − 〈ω, ω˜〉2))
≤ ε1 − 1− 〈ω, ω˜〉
2√
1− 〈ω, ω˜〉2
≤ ε1
which is a contradiction.
Next let us assume d) fails. Now the evolution equation of 〈ν+, ω〉 is
d
dy
〈ν+, ω〉 =
n∑
i=1
〈γ′, ei〉〈∇eiν+, ω〉.
As ∇eiν+ =
∑
j h
j,+
i ej +
∑
β T
β
i+νβ, we get
d
dy
〈ν+, ω〉 =
n∑
i=1
〈γ′, ei〉hj,+i 〈ej , ω〉+
n∑
i=1
k∑
β=2
T βi+〈νβ, ω〉〈γ′, ei〉
where γ′ = ω
T (γ)
|ωT (γ)|2 , γ(0) = p, integrals curves associated to ω
T . Recall that on an (ε, k)-
submanifold neck there exists a C(n) such that |Γβi+| ≤ C(n)ε. Note that(
|A|2 − 1
n− 1 |H|
2
)
≤ −η′|H|2.
implies hj,+i ≥ η′H1 so that
n∑
i=1
〈γ′, ei〉hj,+i 〈ej , ω〉 ≥ η1|H|
and initially on the neck region we have an (ε, k)-submanifold neck so that there exists a
C = C(n) such that
|Γβi+| ≤ c(n)ε1.
Therefore, if H1 is sufficiently large, we see
d
dy
〈ν+, ω〉 =
n∑
i=1
〈γ′, ei〉hj,+i 〈ej , ω〉+
n∑
i=1
k∑
β=2
T βi+〈νβ, ω〉〈γ′, ei〉
≥ 0.
However, we have left the neck region, so we no longer know that we are a submanifold
neck and in particular, that we are close to a hypersurfaces in a linear subspace of Rn+m.
But since |H| ≥ H1
4Θ
, with H1 again chosen sufficiently large we get |A−|2 ≤ Cη(ε1) where
if ε1 is sufficiently small then η(ε1) is also small. In particular, we can choose ε1 small
so that η(ε1) is small so that about p
#, the submanifold is close to a hypersurface in a
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linear subspace E ≃ Rn+1 ⊂ Rn+m together with a normal frame ν+ = H|H| , ν2, · · · , νk with
|T βi,+| ≤ η2(ε1). Therefore we have
d
dy
〈ν+, ω〉 =
n∑
i=1
〈γ′, ei〉hj,+i 〈ej , ω〉+
n∑
i=1
k∑
β=2
T βi+〈νβ, ω〉〈γ′, ei〉 > 0
at y#. Hence 〈ν+, ω〉 > ε1 as required.
Finally, let us assume c) fails. note that since d) holds, the diameter of Σy′ is less than
8(n − 1)/H1. Then by (P3) and (P6) of the surgery procedure H1 > 4ΘH# and we can
apply the equivalent of Lemma 7.19 of [23] to show
|H(γ(p, y#))| > H1
4Θ
.
This shows the inequalities a), b), c) and d) are preserved along the trajectories. The claim
that Σymax reduces to a single point which follows as a consequence of standard Morse
theory as in [23]. 
Remark 6.4. • The fact that the region ends in a spherically pinched cap region is
related to the possibility of a degenerate neck pinch. Along such a region the cur-
vature remains large, so that we do not perform a surgery to reduce the curvature.
Instead the end of the neck closes as a spherical cap. This is exactly what happens
for the bowl soliton, the translating self-similar solution that is the model for a
degenerate neck pinch.
Proof of Main Theorem. We use an iterative argument. Let us consider a flow defined on
[0, t0] which is either smooth or satisfies property (S) of the flow (flow with discard and
neck reduction). Let t0 be the next time where the curvature reaches the surgery threshold
that is |H|max(t0) = H3. Then we we to show at time t0 we can perform a finite number of
surgeries so that
(i) (S) is satisfied,
(ii) The mean curvature drops, that is
|H|max ≤ H2
or the submanifold is diffeomorphic to Sn or Sn−1 × S and is discarded.
To this end, we analyse regions of large curvature. Hence let p0 ∈ Mt0 | |H(p0, t0)| ≥ H2.
We have two cases
(a),
|A|2(p0, t0)− 1
n− 1 |H|
2(p0, t0) ≤ −η1|H|2(p0, t0).
Hence we may apply Neck Continuation Theorem, Theorem 6.3 and obtain a neck N0 ∋ p0.
Therefore p0 ∈ A and has the following structure of one of the following :
a) Two boundary components and
A ≃diffeom Sn−1 × [−1,+1]
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b) one boundary component and
A ≃diffeom Bn1
c) No boundary components and is a connected component for which p0 ∈ A0 and
A0 ≃diffeo Sn, Sn−1 × S1.
If ∂A 6= ∅ then ∂A consists of either one or two cross sections of N0 with mean radius
equal to 2(n−1)
H1
and hence has mean curvature approximately |H| ≃ H1
2
.
Let A be the neck N0 together with one, or two or no regions given by case (ii) of Neck
Continuation Lemma. Then the cross sections have mean radius equal to 2(n−1)
H1
and hence
with mean curvature |H| ≃ H1
2
.
(b),
|A|2(p0, t0)− 1
n− 1 |H|
2(p0, t0) ≥ −η1|H|2(p0, t0).
Hence then there exists a q0 such that
|A|2(q0, t0)− 1
n− 1 |H|
2(q0, t0) ≥ −η1|H|2(q0, t0).
and
|H|(q, t0) ≥ |H|(p0, t0)
γ0
∀dt0(q, p0) ≤ dt0(q0, p0).
In particular, we have
|H|(q0, t0) ≥ H2
γ0
≥ 10H1.
Therefore with q0 then there exists a region A with the same properties as above.
Claim. p0 ∈ A.
Proof of claim. Suppose not, then let γ be a curve such that
γ(0) = p0, and γ(1) = q0.
Then if p0 6∈ A there exists a first time t′ ∈ [0, 1) | γ(t′) ∈ ∂A. Now if p ∈ ∂A, |H|(p, t0) ≃
H1
2
but along the geodesic from p0 to q0 we have
|H| ≥ |H|(p0, t0)
γ0
≥ 10H1
which is a contradiction. 
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We now repeat the process and cover each p0 such that |H|(p0, t0) ≥ H2 with regions A.
We now show there are a finite number of such regions and that they are disjoint. Now
suppose that p′ 6∈ A | |H|(p′, t0) > H2. We will show the region A′ constructed above
is disjoint from A. Recall that ∂A consists of cross sections with mean radius equal to
2(n−1)
H1
. From the neck continuation theorem, if we meet such a cross section we stop there
because we have satisfied property ii) of the Theorem. Therefore A and A′ can only meet
at boundary points. Furthermore, any such region has volume bounded below by (H2)
−n.
Hence there are finitely many such regions. Therefore let A,A′,A(2), · · · ,A(k) be a finite
collection which covers all points of Mt0 such that
|H|(p0, t0) ≥ H2.
Surgery : Now we have identified the high curvature regions,
Step 1: We discard all A(i)’s with no boundary components. These are diffeomorphic to
A(i) ≃ Sn, Sn−1 × S1.
Step 2: ∂A(i) is a cross section of N (i)0 with mean radius 2(n−1)H1 . Now the neck contains p0
(or q0) where the curvature is at least H2 ≥ 10H1. Therefore there is a first cross-section
Σ(i) such that the mean radius is n−1
H1
, that is half the mean radius of the boundary. We
perform the surgery at this cross section Σ(i). If ∂A(i) has two components, then we perform
surgery at both ends. Note that the surgeries on different A(i) do not interfere because
the A(i)’s only touch at boundary points but the surgeries are performed away from the
boundary at points where the mean radius is half the mean radius of the boundary.
In either case, the surgeries (one or two) create a connected component diffeomorphic
to Sn which includes all points of A(i) with curvature greater than H2. Such a component
will be discarded hence the maximum of curvature has decreased to below H2.
The surgeries performed in this way satisfy property (S) as well as (s1) − (s3) with
K∗ = H1 and r∗ = n−1H1 . After performing the surgeries we restart the flow until we reach
the next time t0 such that |H|max(t0) = H3 and repeat the above procedure. Note that the
surgery removes a region of volume cn(H1)
−n and therefore the surgery halts after a finite
number of surgery times. 
Proof of Corollary. From the proof of the Main Theorem 1.1, after the termination of mean
curvature flow with surgery we have finitely many disjoint smooth closed submanifold that
are diffeomorphic to Sn or Sn−1 × S1 (this includes the submanifolds that were discarded
during the flow at surgery times). In the case of cylindrically pinched submanifolds, the
smooth mean curvature flow F :M× [t0, t1]→ Rn+m is a smooth immersion ofM× [t0, t1]
into Rn+m such that all restrictions of F : M × [a, b] → Rn+m, t0 ≤ a < b ≤ t1 are
isotopic to each other between surgery times. Hence Corollary 1.2 is a direct consequence
of Theorem 3.22. 
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